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, ston To-
mèa Susthmtwn Metdosh Plhrofora kai Teqnologa Ulik¸n, Sqo-
l  Hlektrolìgwn Mhqanik¸n kai Mhqanik¸n Upologist¸n, Ejnikì Metsì-
bio Poluteqneo (emp), sthn Ellda, kai sto Laboratoire d’E´lectronique,
Antennes et Te´le´communications (leat), to opoo an kei apì koinoÔ sto
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Ki an toÔth th
stigm  grfw autì to shmewma, to qrwst¸ kai sth suneisfor kpoiwn
pros¸pwn pou me st rixan   me ton ènan   llo trìpo   sthn porea aut 
t  ergasa.
Ekfrzw th baji mou eugnwmosÔnh stou epiblèponte kajhghtè mou,
k. Panagi¸th Fragko, Kajhght  emp, kai k. Christian Pichot, Dieujunt 
'Ereuna cnrs kai Dieujunt  toÔ leat. MoÔ èdeixan, o kajèna apì thn
pleur tou, amèristh sumparstash kai empistosÔnh kat thn ekpìnhsh t 
diatrib , kajodhg¸nta thn ergasa mou me upodeigmatikì trìpo. 'Htan dia-
jèsimoi opoted pote z thsa th bo jei tou, prosfèronta apotelesmatikè
lÔsei. Oi polÔwre suzht sei maz tou moÔ prìsferan pnta mi frèskia
mati sto antikemenì mou kai èna knhtro gia na suneqsw.
Euqarist¸ ton k. Nikìlao Ouzounoglou, Kajhght  emp, gia th summeto-
q  tou sthn trimel  epitrop , thn upost rix  tou sthn idèa t  sunepbleyh,
ti exairetik qr sime gia thn ergasa idèe tou, kai thn apodoq  tou na o-
riste w krit  t  diatrib  apì to unsa.
Ekfrzw ti bajiè euqariste mou ston k. Albert Papiernik, Kajhght 
unsa, o opoo me upodèqthke w Dieujunt  toÔ leat, arqik w metaptu-
qiakì spoudast  kai sth sunèqeia w upoy fio didktora. Ton euqarist¸
jerm gia th summetoq  tou sthn eptamel  epitrop .
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H èreuna apèdeixe ìti o pl rh orismì t  ènnoia {didaktorik  diatrib  upì kajest¸
sunepbleyh} enai exairetik dÔskolo na doje. SÔmfwna me mia empeirik  prosèggish,
prìkeitai gia èna kbantikì fainìmeno meglh klmaka, sto opoo èna fusikì prìswpo
brsketai tautìqrona se dÔo mèrh gia èna meglo qronikì disthma. Se aut  thn kat-
stash, èna tomo susswreÔei empeira dekdwn wr¸n pt sh (me ta antstoiqa qamìgela
aerosunod¸n; ìqi ìmw kai arket mlia gia èna taxdi sta Bora Bora), enisqÔei apofasi-
stik thn pagkìsmia agor thlepikoinwni¸n, parenoqle tou upeÔjunou diktÔwn me ta
pio apjana teqnik probl mata (sumbllonta, upojètw, sthn pro¸jhsh t  antstoiqh
èreuna), entrufe sto Sugkritikì Dkaio, prospaj¸nta na enarmoniste tautìqrona me
nìmou diaforetik¸n qwr¸n, kai upobllei prwtìgnwra ait mata se dhmìsie uphrese,
apokt¸nta anagkastik mia stsh zen w pro ton èxw kìsmo (an kai den mpor¸ na pw to
dio kai gia thn tèqnh sunt rhsh t  motosuklèta). O katlogo ja mporoÔse na sune-
qiste gia polÔ, all ja menw se èna shmeo: ìso ki an fanetai pardoxo, h pijanìthta
ìla ta parapnw na èqoun asio tèlo, enai mh mhdenik .
O k. Basleio Makio, Kajhght  Panepisthmou Ptra, Omìtimo Ka-
jhght  Panepisthmou Ontario, dèqthke na summetèqei sthn eptamel  epi-
trop  kai na enai krit  t  diatrib  gia to Universite´ de Nice – Sophia
Antipolis. Ton euqarist¸ jerm gia ìla, kai idiatera gia to suntonismì t 
diadikasa exètash toÔ didaktorikoÔ apì th jèsh toÔ proèdrou t  epitro-
p .
Kat th dirkeia ìlwn aut¸n twn et¸n, eqa thn tÔqh na sunergast¸
polÔ sten me ton k. Jean-Yves Dauvignac, Lèktora unsa. Ekfrzw thn
eugnwmosÔnh mou gia thn aperiìristh bo jeia pou moÔ pareqe se jewrhtik
kai teqnik zht mata, ta arijmhtik apotelèsmata toÔ logismikoÔ SR3D, ti
atèleiwte ¸re pou afièrwse sthn ergasa mou, kai ti exairetik epoikodo-
mhtikè suzht sei pou eqame maz.
Euqarist¸ thn ka Kwnstantna Nikhta, Anaplhr¸tria Kajhg tria emp,
gia th summetoq  th sthn eptamel  epitrop  exètash toÔ didaktorikoÔ kai
ti polÔ qr sime parathr sei th.
O k. Dominique Lesselier, Dieujunt  'Ereuna cnrs, dèqthke na ori-
ste krit  t  diatrib . Ton euqarist¸ gi autì kaj¸ kai gia ta exairetik
endiafèronta sqìli tou.
Ekfrzw ti euqariste mou ston k. Iwnnh Kanellopoulo, Kajhght 
emp, gia thn paraq¸rhsh enì q¸rou ergasa sto emp.
Euqarist¸ ton k. Gi¸rgo Kossiaba, Kajhght  unsa, thn ka Claire
Migliaccio, Lèktora unsa, kaj¸ kai ìla ta mèlh toÔ leat, gia th bo-
 jei tou.
O k. John Gilbert, ereunht  sto Xerox Palo Alto Research Center,
moÔ èdwse ulopohsh toÔ algorjmou “Incomplete Lower Upper factorization
with Threshold” (ilut) se k¸dika Matlab, kat th dirkeia toÔ seminarou
“Sparse Days” sto cerfacs (IoÔnio 2002, Toulouse, Galla); ton euqarist¸
gi autì.
H ekpìnhsh t  diatrib  qrhmatodot jhke me upìtrofa toÔ IdrÔmato
Kratik¸n Upotrofi¸n (iku). Euqarist¸ ton k. Epamein¸nda Kriezh, Omìtimo
Kajhght  Aristoteleou Panepisthmou Jessalonkh, gia ta sqìli tou apì
th jèsh toÔ epìpth kajhght . Epsh euqarist¸ to proswpikì toÔ IdrÔmato,
kai idiatera ti kure Aret  Kalogeropoulou, Krustalla Koukoulomath,
Iwnna Adamantiadou kai Qrusnna Metaxa. H yogh sunergasa mou me
to iku kat to disthma aut¸n twn et¸n, moÔ epitrèpei na to jewr¸ upìdeig-
ma dhmìsiou organismoÔ se ì,ti afor thn euelixa, thn katanìhsh kai thn
poiìthta toÔ proswpikoÔ tou.
O Olivier Benevello, diaqeirist  diktÔou sto gallikì ergast rio, moÔ
pareqe polÔtimh kai adilleipth teqnik  upost rixh, akìma kai ex apost-
sew. Ton euqarist¸ jerm.
Euqarist¸ thn ka Ge´raldineMansueti, ton k. Christian Raffaele, thn
ka Martine Borro kai thn ka Bèra Eujumiou gia th grammateiak  upost -
rixh.
Ekfrzw ti euqariste mou pro ìlou tou sunadèrfou, se Ellda
kai Galla, kai idiatera stou Prìdromo Atlamazoglou, Alèxandro Dh-
mou, Tareq Al Gizawi, Jeofnh Maniath, Jansh Panagopoulo, Qr sto
Papaqrhsto, Jansh Potsh, kai Ce´dric Dourthe, Ralph Ferraye´, Erw-
an Guillanton, Emmanuel Le Brusq, Philippe Le Thuc, Herve´ Tosi,
Christelle Nannini, Chu Son.
H Joanna Sosabowska up rxe o sÔndesmì mou me ton exwterikì kìsmo
kat th dirkeia twn tri¸n teleutawn mhn¸n kai gi autì t  emai eugn¸mwn.
Euqarist¸ to Massimiliano Ma¨ıni kai th Victorit¸a Dolean gia th bo -
jeia kai th filoxena tou. . .
. . . kai to Nko Qrusanjakopoulo, genik¸.
Grfonta autì to kemeno, suneidhtopoi¸ gia llh mia for ìti   se ma-
jhmatik  dilekto   h gl¸ssa apotele mh pl rh bsh gia thn perigraf  twn
sunaisjhmtwn. Gi autì, epilègw na mhn th qrhsimopoi sw llo. Kpoioi,
twn opown ta onìmata lepoun, ja to katalboun.
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Anmes tou, oi gone
mou, Dhm trh kai 'Anna, h aderf  mou, Polutmh, o Gi¸rgo Kourh, kai ta
anyia mou, Danh kai Pltwna.
Nkaia, Galla
Dekèmbrio 2002
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 Apì mìnoi tou?
 Apì mìnoi tou.
 Qwr na knei tpota?
 ApolÔtw tpota.
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Keflaio 1
Eisagwg 
Nun tä grmi th˜ murtia˜ Nu˜n  kraug tou˜ Mh
Aien  kra sunedhsh AÊàn  plhsifh
1.1 Mikrokumatik  apeikìnish
1.1.1 Genik  perigraf 
O ìro {mikrokumatik  apeikìnish} perigrfei èna sÔnolo mejìdwn ana-
kataskeu  twn idiot twn enì gnwstou antikeimènou, qrhsimopoi¸nta w
phg  plhrofora thn allhlepdrash toÔ antikeimènou me hlektromagnhtik 
aktinobola mikrokumatik¸n suqnot twn. Oi zhtoÔmene idiìthte mpore na
perilambnoun th jèsh, to sq ma, ta hlektromagnhtik qarakthristik (apì
ta opoa mpore na prokÔyei h sÔstash),   èna sunduasmì twn parapnw. H
paroÔsa ergasa exetzei th mikrokumatik  apeikìnish mikr  embèleia, ìpou
h ditaxh ekpomp  kai mètrhsh brsketai se mikr  apìstash apì to upì
melèth antikemeno.
Ta teleutaa ekosi qrìnia èqei ekdhlwje meglo endiafèron gia mejì-
dou apeikìnish me qr sh mikrokumtwn. H mikrokumatik  apeikìnish èqei
efarmoste w teqnik  mh katastrofikoÔ elègqou se kt ria, sthn anqneush
metallik¸n   dihlektrik¸n antikeimènwn, ìpw oi nrke kat proswpikoÔ,
kaj¸ epsh kai sthn perioq  t  bioðatrik , gia thn apeikìnish biologik¸n
ist¸n.
MporoÔme na orsoume difore kathgore mejìdwn, me bsh mia sei-
r krithrwn, ìpw enai h gewmetra t  metrhtik  ditaxh, to jewrhtikì
montèlo pou qrhsimopoietai kai to edo t  plhrofora pou dnei h kje
mèjodo.
H disdistath apeikìnish   gia thn opoa qrhsimopoietai kai o ìro {to-
mografa}   dnei plhrofora gia mia egkrsia tom  toÔ antikeimènou, en¸ an
h plhrofora perigrfei olìklhro to antikemeno, prìkeitai gia trisdistath
apeikìnish.
Keflaio 1. Eisagwg 
To antikemeno mpore na brsketai ston eleÔjero q¸ro,   sto eswterikì
enì mèsou me gnwstè idiìthte, sthn perptwsh t  mikrokumatik  apeikì-
nish sto eswterikì dom¸n.
H hlektromagnhtik  aktinobola, me thn opoa allhlepidr to upì exètash
antikemeno, pargetai apì ma   perissìtere kerae ekpomp . To apotèle-
sma aut  t  allhlepdrash metriètai apì ma   perissìtere kerae l yh.
To pl jo kai h gewmetrik  ditaxh twn ekpomp¸n kai twn dekt¸n, apoteloÔn
epiplèon qarakthristik twn diafìrwn mejìdwn. Mia ditaxh {pollapl 
prìsptwsh} (multiview) qrhsimopoie perissìterou toÔ enì ekpompoÔ,
  isodÔnama ènan ekpompì pou metakinetai. O ìro {pollapl  mètrhsh}
(multistatic) perigrfei th mètrhsh toÔ anakl¸menou hlektromagnhtikoÔ kÔ-
mato apì polloÔ dèkte,   apì èna dèkth pou metakinetai. Se ì,ti afor
th morf  toÔ prospptonto kÔmato, mporoÔme na diakrnoume ti mejìdou
sto pedo toÔ qrìnou kai sto pedo t  suqnìthta; sthn paroÔsa ergasa
anaferìmaste sti teleutae.
To prìblhma pou kaletai na lÔsei mia mèjodo mikrokumatik  apeikìni-
sh, enai o prosdiorismì toÔ gnwstou antikeimènou, me bsh th mètrhsh
toÔ skedazìmenou pedou, ìtan to prosppton pedo enai gnwstì. Prìkeitai
dhlad  gia èna prìblhma antstrofh skèdash. To antstoiqo eujÔ prìblh-
ma enai h eÔresh toÔ skedazìmenou pedou apì èna gnwstì antikemeno, me
dedomèno to prosppton pedo. Oi poiotikè (qualitative) mèjodoi apeikìnish
dnoun plhrofora gia thn Ôparxh, th jèsh kai to sq ma toÔ antikeimènou, en¸
oi posotikè (quantitative) mèjodoi anakataskeuzoun epsh ti hlektroma-
gnhtikè tou idiìthte.
To prìblhma antstrofh skèdash enai mh kal¸ orismèno (ill-posed)
(Hadamard, 1923, Colton and Kress, 1992), dhlad  toulqisto ma apì ti
paraktw sunj ke den ikanopoietai:
1. 'Uparxh t  lÔsh.
2. Monadikìthta t  lÔsh.
3. Omal  exrthsh t  lÔsh apì ta dedomèna.
Se mia pr¸th mati, h ikanopohsh t  pr¸th sunj kh mpore na fane-
tai dedomènh, afoÔ to antikemeno pou èdwse to skedazìmeno pedo uprqei.
'Omw, h mètrhsh toÔ skedazìmenou pedou perièqei anapìfeukta jìrubo; an
h trth sunj kh den ikanopoietai, tìte mpore ta dedomèna maz me to jìrubo
na mhn antistoiqoÔn se kamma lÔsh. Sqetik me th deÔterh sunj kh, èqei
apodeiqte ìti h mh monadikìthta t  lÔsh ofeletai se mh aktinoboloÔse
phgè reumtwn (Devaney and Wolf, 1973, Devaney and Sherman, 1982).
Prìkeitai gia epag¸mene reumatikè katanomè oi opoe de dhmiourgoÔn pe-
do sta shmea ìpou gnetai h mètrhsh (Habashy and Oristaglio, 1994), me
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apotèlesma to metroÔmeno skedazìmeno pedo na mhn perièqei plhrofora gia
thn anasÔnjes  tou. H trth sunj kh anadeiknÔei th shmasa pou èqei h
elaqistopohsh toÔ metrhtikoÔ jorÔbou gia thn poiìthta t  anakataskeu .
Epiplèon, oi mèjodoi mikrokumatik  apeikìnish prèpei na enai anjektikè
sto metrhtikì jìrubo, kaj¸ h parousa tou den mpore na exaleifje ente-
l¸. Shmei¸noume ìti apì th skopi t  jewra poluplokìthta, èna mh
kal¸ topojethmèno prìblhma mpore na enai akìma kai mh epilÔsimo (Traub,
1999).
H sunrthsh toÔ q¸rou pou dnei ti idiìthte toÔ antikeimènou (h {sunr-
thsh antikeimènou}) èqei polÔplokh, mh grammik  exrthsh apì ti timè toÔ
skedazìmenou pedou, oi opoe apoteloÔn ta dedomèna toÔ probl mato. H
mh grammikìthta toÔ antstrofou probl mato ofeletai sta fainìmena pol-
lapl¸n anaklsewn toÔ prospptonto hlektromagnhtikoÔ kÔmato (Chew,
1995), ta opoa ekdhl¸nontai pio èntona sti uyhlè suqnìthte (Chew and
Lin, 1995).
1.1.2 Perijlastik  tomografa
Oi pr¸te mejìdoi mikrokumatik  apeikìnish parousisthkan sti ar-
qè t  dekaeta toÔ 1980, tìso gia antikemena ston eleÔjero q¸ro (Adams
and Anderson, 1982) ìso kai sto eswterikì dom¸n, me efarmog  sth bioðatri-
k  (Bolomey et al., 1982, Baribaud et al., 1982). Autè oi mèjodoi qrhsimo-
poioÔn thn perijlastik  tomografa (diffraction tomography, dt), mia teqnik 
pou efarmìsthke gia pr¸th for sthn apeikìnish uper qwn (Mueller et al.,
1979) en¸ jewrhtik  tan gnwst  arket palaiìtera (Wolf, 1969, Iwata and
Nagata, 1975).
H perijlastik  tomografa mpore na jewrhje epèktash t  upologi-
stik  tomografa (computerized tomography, ct). Lambnei upìyh th mh
eujÔgrammh didosh twn hlektromagnhtik¸n kumtwn, en¸ h upologistik  to-
mografa   pou qrhsimopoietai sthn apeikìnish me aktne q   jewre didosh
se eujea gramm . To olikì pedo sto eswterikì toÔ gnwstou skedast  pro-
seggzetai sÔmfwna me ti upojèsei Born   Rytov. Sth sunèqeia, to je¸rhma
probolik  perjlash Fourier (Wolf, 1969, Iwata and Nagata, 1975, Slaney
et al., 1984) dnei mia grammik  sqèsh anmesa sth sunrthsh antikeimènou
kai to metroÔmeno skedazìmeno pedo.
SÔmfwna me to je¸rhma autì   to opoo enai h epèktash toÔ metasqhma-
tismoÔ Radon sthn perptwsh t  mh eujÔgrammh didosh   gia èna s¸ma
sto opoo prospptei èna eppedo kÔma, o qwrikì metasqhmatismì Fourier
toÔ skedazìmenou pedou, metrhmèno pnw se mia eujea kjeth sth dieÔjun-
sh didosh toÔ prospptonto kÔmato, sumpptei me èna tìxo kÔklou toÔ
disdistatou qwrikoÔ metasqhmatismoÔ Fourier t  sunrthsh antikeimènou.
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H qr sh pollapl¸n gwni¸n prìsptwsh kaj¸ kai diaforetik¸n suqnot -
twn èqei w apotèlesma thn ankthsh olìklhrou toÔ qwrikoÔ fsmato t 
sunrthsh antikeimènou, to opoo, mèsw enì antstrofou metasqhmatismoÔ
Fourier, dnei ti idiìthte toÔ antikeimènou.
H perijlastik  tomografa dnei apotelèsmata sqedìn se pragmatikì qrì-
no, afoÔ oi basiko upologismo apoteloÔntai apì gr gorou metasqhmati-
smoÔ Fourier se ma kai dÔo diastsei. H diakritik  ikanìthta t  mejìdou
isoÔtai jewrhtik me λ/2, ìpou λ to m ko kÔmato sto eswterikì toÔ ske-
dast , all sthn prxh autì to ìrio dÔskola epitugqnetai (Paoloni, 1987).
Oi mèjodoi pou qrhsimopoioÔn perijlastik  tomografa sunantoÔn dÔo pe-
riorismoÔ. O èna enai ìti oi dèkte prèpei na isapèqoun, kai h metaxÔ tou
apìstash na enai mikrìterh   sh apì misì m ko kÔmato. O periorismì
autì proèrqetai apì to je¸rhma deigmatolhya toÔ Shannon kai sqetzetai
me to gegonì ìti oi dèkte prèpei na deigmatolhptoÔn me ikanopoihtikì qw-
rikì rujmì to skedazìmeno pedo. O deÔtero periorismì proèrqetai apì th
qr sh twn proseggsewn Born   Rytov gia to olikì pedo sto eswterikì toÔ
skedast  (Habashy et al., 1993). Gia na isqÔei h prosèggish Born, to ginìme-
no t  diamètrou toÔ skedast  ep to sqetikì dekth dijlas  tou prèpei na
enai mikrìtero apì 0.25λ. Gia thn prosèggish Rytov den uprqei periorismì
sto mègejo toÔ skedast , all o dekth dijlash toÔ antikeimènou prèpei
na diafèrei ligìtero apì 2% apì ekenon toÔ exwterikoÔ mèsou (Slaney et al.,
1984). Oi sunj ke autè deqnoun ìti to pedo efarmog  t  perijlastik 
tomografa enai sqetik periorismèno.
Ma lÔsh gia na arje o deÔtero periorismì, enai na mh qrhsimopoihje
kpoia prosèggish gia to pedo sto eswterikì toÔ skedast . Aut  h tropo-
pohsh t  perijlastik  tomografa dnei mia grammik  sqèsh anmesa sta
epag¸mena reÔmata sto eswterikì toÔ skedast  kai sto metroÔmeno skeda-
zìmeno pedo (Pichot et al., 1985). Prìkeitai plèon gia mia mèjodo poiotik 
apeikìnish h opoa èqei efarmoste sth bioðatrik  kai to mh katastrofikì
èlegqo (Tabbara et al., 1988). H mèjodo aut  de jètei periorismoÔ w pro
to mègejo kai to edo twn skedast¸n, all mpore, se orismène peript¸-
sei, na odhg sei se artifacts (Bolomey and Pichot, 1991).
To gegonì ìti h perijlastik  tomografa epilÔei èna grammikì prìblhma,
upodhl¸nei ìti ta fainìmena pollapl  anklash de lambnontai upìyh. To
gegonì autì, se sunduasmì me tou parapnw perioristikoÔ pargonte,
¸jhse thn èreuna se pio sÔnjete mejìdou mikrokumatik  apeikìnish. P-
ntw, h perijlastik  tomografa brskei efarmog  akìma kai s mera se su-
st mata anqneush antikeimènwn mèsa sth gh (Hansen and Johansen, 2000,
Cui and Chew, 2000), ìtan h taqÔthta epexergasa enai pio shmantik  apì
thn akrbeia toÔ apotelèsmato.
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1.1.3 Pèra apì thn perijlastik  tomografa
Sthn prospjeia na dieurunje to pedo efarmog¸n t  mikrokumatik 
apeikìnish kai se skedastè gia tou opoou den isqÔoun oi propojèsei
t  perijlastik  tomografa, anaptÔqjhkan pollè teqnikè. Koinì qara-
kthristikì sqedìn ìlwn aut¸n twn mejìdwn enai h epanalhptik  eplush enì
grammikopoihmènou probl mato. Oi perissìtere teqnikè qrhsimopoioÔn th
mèjodo twn rop¸n gia na perigryoun kai na diakritopoi soun to eujÔ prì-
blhma skèdash (Richmond, 1965).
Oi Wang and Chew (1989) prìteinan thn Epanalhptik  Mèjodo Born
(Born Iterative Method, bim) thn opoa sth sunèqeia epèkteinan sthn Pa-
ramorfwmènh Epanalhptik  Mèjodo Born (Distorted Born Iterative Method,
dbim) (Chew and Wang, 1990), deqnonta ìti h pr¸th enai pio anjektik 
sto jìrubo, en¸ h deÔterh parousizei grhgorìterh sÔgklish.
Mia epanalhptik  teqnik  pou qrhsimopoie th mèjodo Newton-Kantoro-
vich (nk) gia disdistath posotik  apeikìnish ston eleÔjero q¸ro, protjh-
ke apì tou Joachimowicz et al. (1991). To gegonì ìti to prìblhma enai mh
kal¸ orismèno, antimetwpzetai me th qr sh kanonikopohsh tÔpou Tikho-
nov, en¸ sth diadikasa anasÔnjesh mpore na eisaqje opoiad pote a priori
plhrofora sqetik me to pergramma toÔ antikeimènou kai ti akrìtate timè
twn hlektromagnhtik¸n tou paramètrwn.
H mèjodo Newton-Kantorovich (prìkeitai gia epèktash sthn perptw-
sh twn sunarthsioeid¸n t  mejìdou eÔresh elaqstou toÔ Newton) èqei
epsh qrhsimopoihje gia thn eÔresh toÔ sq mato disdistatwn metalli-
k¸n skedast¸n ston eleÔjero q¸ro (Roger, 1981). H nk enai isodÔnamh
me thn Epanalhptik  Paramorfwmènh Mèjodo Born, ìpw kai me th mèjodo
Levenberg-Marquardt (Franchois and Pichot, 1997).
'Eqoun parousiaste epsh mh epanalhptikè mèjodoi, pou qrhsimopoioÔn
yeudo-antistrof  upì thn ènnoia elqistwn tetrag¸nwn, gia thn eplush toÔ
antstrofou probl mato (Caorsi et al., 1993, 1994).
Shmei¸noume epsh thn prìsfath epèktash t  perioq  isqÔo t  pro-
sèggish Rytov kai th qrhsimopohsh aut  t  tropopoihmènh mejìdou sthn
eplush toÔ antstrofou probl mato me epanalhptikì trìpo (Kechribaris,
2001, Kechribaris et al., 2003).
'Ole autè oi teqnikè dnoun apotelèsmata posotik  apeikìnish se
peript¸sei skedast¸n oi opooi brskontai ektì orwn isqÔo t  perijla-
stik  tomografa.
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1.1.4 Mh grammikè mèjodoi
Oi mh grammikè mèjodoi baszontai genik se mia epanalhptik  diadikasa.
Prìkeitai gia mejìdou antstrofh skèdash, ìpou èna sunarthsioeidè, to
opoo apotele mètro gia thn katallhlìthta t  lÔsh se kje epanlhyh,
diathre ton pl rh mh grammikì qarakt ra toÔ probl mato, qwr kamma
prosèggish.
H mèjodo t  Tropopoihmènh Bajmda (Modified Gradient, mg) (Klein-
man and van den Berg, 1992) jewre w agn¸stou tìso th sunrthsh a-
ntikeimènou ìso kai to olikì pedo sto eswterikì autoÔ. To sunarthsioeidè
pou kataskeuzetai me bsh aut  th mèjodo apoteletai apì dÔo ìrou. O
pr¸to deqnei thn apìstash anmesa sto skedazìmeno pedo anafor kai
to skedazìmeno pedo apì to anakataskeuasmèno antikemeno t  trèqousa
epanlhyh. O deÔtero ìro deqnei kat pìso to olikì pedo sto eswteri-
kì toÔ antikeimènou, sthn trèqousa epanlhyh, ikanopoie ti exis¸sei t 
hlektromagnhtik  jewra. Me autìn ton trìpo, h mg epilÔei tautìqrona
tìso to eujÔ prìblhma skèdash, me qr sh t  mejìdou twn rop¸n, ìso kai
to antstrofo.
Beltiwmène exis¸sei enhmèrwsh twn agn¸stwn èqoun w apotèlesma th
dieÔrunsh toÔ pedou efarmog¸n th, ìswn afor ti diastsei kai to dekth
dijlash tou skedast  (Kleinman and van den Berg, 1993). H mèjodo èqei
efarmoste sthn eÔresh t  jèsh kai toÔ sq mato metallik¸n antikeimènwn
ston eleÔjero q¸ro (Kleinman and van den Berg, 1994), èqei sunduaste
me mèjodo kanonikopohsh tÔpou {olik  metabol } (van den Berg and
Kleinman, 1995) kai èqei qrhsimopoihje gia poiotik  (Souriau et al., 1996)
kai posotik  (Lambert et al., 1998) tomografa sto eswterikì dom¸n.
H mèjodo tropopoihmènh bajmda dnei sugkrsima apotelèsmata me e-
kena t  Newton-Kantorovich, all enai perissìtero anjektik  se uyhlè
stjme jorÔbou (Belkebir et al., 1997). Apotelèsmata apeikìnish metalli-
k¸n antikeimènwn ston eleÔjero q¸ro me bsh pragmatik dedomèna metr se-
wn èqoun epsh dhmosieute (van den Berg et al., 1995).
Beltwsh t  mejìdou apotele h qr sh phg¸n antjesh sto formalismì
toÔ probl mato (Habashy and Oristaglio, 1994, Bloemenkamp and van den
Berg, 2000). H perigraf  toÔ pedou sto eswterikì toÔ skedast  me olikè
sunart sei bsh (epallhla eppedwn kumtwn) mei¸nei kat polÔ ton arij-
mì twn agn¸stwn kai ellatt¸nei to upologistikì kìsto (Maniatis, 1998,
Maniatis et al., 2000).
To gegonì ìti to eujÔ prìblhma den epilÔetai se kje epanlhyh toÔ
antstrofou, dnei sth mèjodo tropopoihmènh bajmda to pleonèkthma t 
taqÔthta. Tautìqrona, ìmw, autì jètei kpoiou periorismoÔ w pro to
mègejo kai to dekth dijlash twn pro anakataskeu  antikeimènwn (Klein-
man and van den Berg, 1993).
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Mia llh prosèggish epilÔei epanalhptik to antstrofo prìblhma, all
se kje epanlhyh to antstoiqo eujÔ prìblhma lÔnetai pl rw (Harada
et al., 1995). To sunarthsioeidè aut  t  oikogèneia mejìdwn apoteletai
mìno apì ton pr¸to ìro toÔ sunarthsioeidoÔ t  tropopoihmènh bajmda,
autìn dhlad  pou anafèretai sto skedazìmeno pedo. H elaqistopohs  tou
gnetai qrhsimopoi¸nta th mèjodo twn suzug¸n bajmdwn sth mh grammik 
th morf  (Nazareth, 1996).
H parapnw teqnik , se sunduasmì me th mèjodo twn rop¸n gia thn eplu-
sh toÔ eujèo probl mato, èqei efarmoste sth mikrokumatik  tomografa
metallik¸n antikeimènwn ston eleÔjero q¸ro   me bsh sunjetik (Lobel
et al., 1997a) kai peiramatik (Lobel et al., 1997b) dedomèna   kaj¸ kai
se dihlektrik antikemena sto eswterikì dom¸n (Dourthe et al., 2000c,b,
Aliferis et al., 2000c).
H qr sh twn Peperasmènwn Stoiqewn, gia thn eplush toÔ eujèo pro-
bl mato, èqei protaje gia thn apeikìnish disdistatwn metallik¸n (Bonnard
et al., 1998) kai dihlektrik¸n (Rekanos et al., 1999, Bonnard et al., 2000)
antikeimènwn ston eleÔjero q¸ro.
Oi ergase pou èqoume anafèrei w t¸ra, exetzoun apokleistik thn
egkrsia magnhtik  pìlwsh. Gia thn perptwsh t  egkrsia hlektrik  pì-
lwsh, mporoÔme na anafèroume ti ergase twnMa et al. (2000) kai Rekanos
and Tsiboukis (2000). Anafèroume akìma ti mejìdou anakataskeu  basi-
smène sta level sets (Dorn et al., 2000, Ito et al., 2001, Ramananjaona et al.,
2001, Ferraye´ et al., 2003) kaj¸ kai epsh ekene pou qrhsimopoioÔn gene-
tikoÔ algìrijmou (Caorsi et al., 2000, Pastorino et al., 2000) kai neurwnik
dktua (Wang and Gong, 2000, Rekanos, 2001) gia thn elaqistopohsh toÔ
sunarthsioeidoÔ.
Anmesa sti enallaktikè proseggsei toÔ probl mato t  mikrokuma-
tik  apeikìnish, shmei¸noume ed¸ th montelopohsh toÔ antikeimènou me b-
sh mia parametrik  morf , gegonì pou odhge se meiwmèno arijmì agn¸stwn
all sthn anasÔnjesh enì isodÔnamou antikeimènou (Budko and van den
Berg, 1999, Miller et al., 2000, Sato et al., 2000), kai epsh th qr sh teqni-
k¸n epexergasa s mato (Morris et al., 1995, Sahin and Miller, 2001).
Oi epanalhptikè mh grammikè teqnikè qreizontai ti parag¸gou toÔ
sunarthsioeidoÔ w pro th sunrthsh toÔ gnwstou antikeimènou. Oi su-
narthsiakè pargwgoi kat Fre´chet (Ce´a, 1971) mporoÔn na upologistoÔn
se kleist  morf , me bsh ton orismì tou, ìpw sumbanei sthn ergasa
twn Dourthe et al. (2000c). MporoÔn epsh na upologistoÔn èmmesa (Nor-
ton, 1999)   akìma kai arijmhtik, me autìmath parag¸gish (Coleman et al.,
2000). Se arketè teqnikè apeikìnish qrhsimopoietai to prosarthmèno prì-
blhma gia ton èmmeso upologismì twn sunarthsiak¸n parag¸gwn (Roger,
1982, Roger et al., 1986).
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1.1.5 Kanonikopohsh
Oi teqnikè kanonikopohsh qrhsimopoioÔntai gia na antimetwpiste to
gegonì ìti to prìblhma antstrofh skèdash enai mh kal¸ orismèno. Oi
teqnikè autè prosjètoun ènan ìro sto sunarthsioeidè kai odhgoÔn thn e-
panalhptik  diadikasa eplush pro mia lÔsh me epijumht qarakthristik.
Me autìn ton trìpo, h monadikìthta t  lÔsh toÔ probl mato apokajsta-
tai. H kanonikopohsh eisgei ston algìrijmo a priori plhrofora sqetik me
th morf  t  lÔsh. Gia pardeigma, mia tètoia plhrofora mpore na enai ìti
h sunrthsh antikeimènou enai omal , qwr asunèqeie. Autì o tÔpo ka-
nonikopohsh (Tikhonov and Arsenin, 1977) odhge se antikemeno me omalì
profl dihlektrik  stajer kai agwgimìthta. H kanonikopohsh me diat -
rhsh asuneqei¸n (Lobel et al., 1997a) kateujÔnei th lÔsh pro antikemena
twn opown to profl apoteletai apì omoiogene z¸ne, qwrismène meta-
xÔ tou apì asunèqeie. H diat rhsh asuneqei¸n perigrfei ta pragmatik
antikemena kalÔtera apì ì,ti h teqnik  Tikhonov (Lobel et al., 1997b).
1.2 Dom  didaktorik  diatrib 
H diatrib  apoteletai apì dÔo mèrh. To pr¸to mèro, afierwmèno sto
disdistato prìblhma, xekinei me to deÔtero keflaio. Parousizoume mia
mèjodo mikrokumatik  tomografa h opoa anaptÔqjhke sta plasia twn er-
gasi¸n toÔ Dourthe (1997). Prìkeitai gia mia mèjodo mh grammik  tomogra-
fa, h opoa qrhsimopoie th mèjodo twn rop¸n gia thn eplush toÔ eujèo
probl mato se kje epanlhyh. H mèjodo enai pollapl  suqnìthta, pol-
lapl  prìsptwsh kai pollapl  mètrhsh, me pìlwsh egkrsia magnhtik .
Perigrfoume th majhmatik  morf  toÔ eujèo kai toÔ antstrofou probl -
mato, kaj¸ kai thn teqnik  kanonikopohsh me diat rhsh asuneqei¸n, h
opoa akoloujetai apì mia suz thsh sqetik me ton trìpo leitourga th.
To trto keflaio arqzei me ti belti¸sei pou kname sth mèjodo apeikìnish
toÔ deÔterou kefalaou: th montelopohsh toÔ prospptonto pedou kai toÔ
jorÔbou mètrhsh. Sth sunèqeia, parousizoume mia seir apotelesmtwn,
ta opoa apoteloÔntai apì èna pl jo parametrik¸n melet¸n.
Sto deÔtero mèro, meletoÔme thn epèktash t  mejìdou apeikìnish sthn
trisdistath perptwsh. Sta plasia t  diatrib , h melèth estizetai sto
eujÔ trisdistato prìblhma. H majhmatik  perigraf  toÔ probl mato dnetai
sto tètarto keflaio. H arq  gnetai me ti exis¸sei toÔ Maxwell gia to
olikì pedo sto q¸ro suqnot twn, gia na d¸soume sto tèlo toÔ kefalaou ti
hlektromagnhtikè exis¸sei toÔ skedazìmenou pedou. Ekmetalleuìmenoi thn
omoiìthta twn exis¸sewn sti dÔo autè peript¸sei, mporoÔme na qeiristoÔme
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me trìpo omoiìmorfo hlektromagnhtik probl mata diafìrwn eid¸n.
Sto pèmpto keflaio, parousizoume mia mèjodo peperasmènwn diafo-
r¸n sto pedo twn suqnot twn (Finite-Difference Frequency-Domain, fdfd)
(Beilenhoff and Heinrich, 1992). Kaj¸ aut  h mèjodo ja qrhsimopoihje
se ènan k¸dika apeikìnish gia thn eplush toÔ eujèo probl mato, jewroÔ-
me ìti oi plhrofore sqetik me to skedast  enai periorismène. Gi autì
to lìgo, epilègoume to klasikì kubikì plègma toÔ Yee (1966) gia na dia-
kritopoi soume ti hlektromagnhtikè exis¸sei. Mia mèjodo apeikìnish
de ja mporoÔse na ekmetalleuje ti idiìthte enì beltiwmènou plègmato  
gia pardeigma, kampullìgrammwn suntetagmènwn   prosarmostikì   kaj¸,
ex orismoÔ, to antikemeno sto opoo ja èprepe na prosarmoste to plèg-
ma, enai gnwsto. Exllou, oi kubikè kuyèle enai h fusik  epèktash twn
tetrgwnwn kuyel¸n (pixels) t  disdistath perptwsh. Me th bo jeia
twn pararthmtwn Bþ w Eþ, parousizoume th diakritopohsh twn hlektro-
magnhtik¸n exis¸sewn kai to grammikì sÔsthma pou prokÔptei. Frontzoume
na emfansoume rht ti hlektromagnhtikè idiìthte toÔ q¸rou upologismoÔ
sth majhmatik  morf  toÔ grammikoÔ sust mato. Autì enai aprathto ¸-
ste na mporèsoume na qrhsimopoi soume aut  th mèjodo se sunduasmì me
ti teqnikè toÔ deÔterou kefalaou. Sth sunèqeia, upenjumzoume ta basik
stoiqea t  jewra twn aporrofhtik¸n strwmtwn, ta opoa qrhsimopoioÔ-
ntai gia ton termatismì toÔ plègmato t  mejìdou peperasmènwn diafor¸n.
To keflaio oloklhr¸netai me thn anptuxh mia mejìdou metasqhmatismoÔ
toÔ kontinoÔ se makrinì pedo, basismènh sto olokl rwma Kirchhoff. Oi a-
rijmhtikè pistopoi sei deqnoun ìti autì o metasqhmatismì dnei akrib 
apotelèsmata, qwr praktik na epibllei periorismoÔ sti paramètrou t 
mejìdou peperasmènwn diafor¸n.
To èkto keflaio apoteletai apì arijmhtik apotelèsmata t  mejìdou
peperasmènwn diafor¸n. Gia ta kleist probl mata, upologzoume ta idiodia-
nÔsmata toÔ pnaka toÔ grammikoÔ sust mato. Gia ta anoiqt probl mata,
to deÔtero mèlo toÔ grammikoÔ sust mato den enai mhdenikì, kai prèpei na
antistrèyoume ènan pnaka arai  morf . Gia to skopì autì, qrhsimopoioÔme
epanalhptikè mejìdou (Saad, 1996) kai katllhle teqnikè precondition-
ing (Bruaset, 1995).
To èbdomo keflaio perièqei ta sumpersmata t  diatrib . Anakefa-
lai¸noume ta basik shmea kai exetzoume ti prooptikè aut  t  ergasa.
H diatrib  perilambnei ept parart mata: to pr¸to anafèretai sto deÔ-
tero keflaio, kai ta upìloipa sto pèmpto.
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Mèro I
Disdistath arijmhtik 
montelopohsh
Keflaio 2
Mikrokumatik  tomografa
Nu˜n nu˜n  parasjhsh kaÈ tou˜ Õpnou  mimik 
AÊàn aÊàn å lìgo kaÈ  Trìpi  strik 
Sto keflaio autì parousizoume se suntoma mia mèjodo mikrokumatik 
tomografa h opoa anaptÔqjhke sta plasia twn ergasi¸n (Dourthe, 1997)
kai (Dourthe et al., 2000a). H mèjodo aut  apotele to enarkt rio shmeo t 
paroÔsa didaktorik  diatrib . Me bsh th jewra autoÔ toÔ kefalaou, ja
parousisoume mia seir arijmhtik¸n apotelesmtwn sto epìmeno keflaio,
exereun¸nta ti dunatìthte kai toÔ periorismoÔ t  mejìdou.
2.1 EujÔ prìblhma skèdash
2.1.1 Orismì
JewroÔme èna hlektromagnhtikì prìblhma ametblhto w pro metatop-
sei kat ton xona z. Sthn perptwsh aut , ìla ta megèjh toÔ probl mato
enai anexrthta apì th metablht  z. An upojèsoume epiplèon ìti to magnh-
tikì pedo enai egkrsio ston xona summetra, tìte to hlektrikì pedo èqei
mìno ma mh mhdenik  sunist¸sa, E(ρ, ω) = Ez(ρ, ω)zˆ
1
ìpou ρ = xxˆ+ yyˆ.
Ta parapnw perigrfoun èna disdistato prìblhma egkrsia magnhtik 
pìlwsh, 2D-TM.2
Gia anomoiogen  probl mata mh magnhtik¸n mèswn, se perioqè toÔ q¸rou
qwr phgè reÔmato kai fortwn, to hlektrikì pedo ikanopoie th disdista-
1
Ekfrzoume ìle ti qronik metaballìmene posìthte sto pedo twn suqnot twn,
jewr¸nta qronik  exrthsh t  morf  e+jωt.
2
Praktik, èna prìblhma mpore na jewrhje disdistato an ìle oi idiìthte twn mèswn
pou to apoteloÔn paramènoun stajerè kat ton xona z gia arket m kh kÔmato.
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th omogen  exswsh toÔ Helmholtz:
∇2xyEz(ρ, ω) + k2(ρ, ω)Ez(ρ, ω) = 0 (2.1)
ìpou
k(ρ, ω) = ω
√
ε˙(ρ, ω)µ0 h migadik  stajer didosh
ε˙(ρ, ω) = ε(ρ, ω)− j σ(ρ, ω)
ω
h migadik  hlektrik  epidektikìthta
∇2xy =
∂2
∂x2
+
∂2
∂y2
h disdistath laplasian .
Sto upì exètash prìblhma, jewroÔme dÔo hmipeira mèsa ta opoa qwr-
zontai apì èna pl jo strwmtwn peperasmènou pqou. Sto Sq ma 2.1 blè-
poume mia disdistath tom  t  gewmetra. 'Ola ta mèsa jewroÔntai omogen ,
me exaresh to teleutao, sto eswterikì toÔ opoou brsketai o anomoiogen 
q¸ro Dd. MporoÔme na gryoume:
k(ρ, ω) =
{
ki(ω) ρ ∈ Di i = 1, . . . , NL
kd(ρ, ω) ρ ∈ Dd
(2.2)
kai omow gia ta ε˙(ρ, ω), ε(ρ, ω) kai σ(ρ, ω).
Me bsh thn parapnw gewmetra, jewroÔme probl mata hlektromagnh-
tik  skèdash ìpou to prosppton pedo proèrqetai apì to mèso D1 kai o
q¸ro Dd apotele to skedast .
2.1.2 Oloklhrwtikè anaparastsei
Gia grammik mèsa, to olikì hlektrikì pedo mpore na grafe w jroisma
toÔ prospptonto kai toÔ skedazìmenou pedou,
Ez = E
(i)
z + E
(s)
z (2.3)
ìpou tìso to prosppton pedo E(i) ìso kai to skedazìmeno E(s) ikanopoioÔn
thn exswsh (2.1).
3
Qrhsimopoi¸nta to je¸rhma toÔ Green, mporoÔme na dexoume ìti to
olikì kai to skedazìmeno pedo se kje shmeo toÔ q¸rou dnontai apì ti
3
Oi oriakè sunj ke ti opoe ikanopoie to hlektrikì pedo parousizontai sto ke-
flaio 4.
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x
y D1
D2
DNL−1
DNL
Dd
h2
hNL−1
Sq ma 2.1: Gewmetra pollapl¸n strwmtwn disdistatou probl mato.
oloklhrwtikè anaparastsei:
Ez(ρ, ω) = E
(i)
z (ρ, ω)+
∫∫
Dd
k20(ω)C(ρ, ω)Ez(ρ
′, ω)G(ρ,ρ′, ω) dρ′ , ρ ∈ R2
(2.4)
E(s)z (ρ, ω) =
∫∫
Dd
k20(ω)C(ρ
′, ω)Ez(ρ
′, ω)G(ρ,ρ′, ω) dρ′ , ρ ∈ R2 (2.5)
ìpou sumbolzoume me
C(ρ, ω) =
ε˙d(ρ, ω)− ε˙NL(ω)
ε0
=
εd(ρ, ω)− εNL(ω)
ε0
− j σd(ρ, ω)− σNL(ω)
ωε0
(2.6)
thn antjesh t  migadik  dihlektrik  stajer metaxÔ toÔ skedast  kai
toÔ mèsou pou ton perikleei, me k0(ω) = ω
√
ε0µ0 th stajer didosh
sto kenì, kai me ε0, µ0 thn hlektrik  epidektikìthta kai magnhtik  diape-
ratìthta toÔ kenoÔ, antstoiqa. Gia lìgou sÔgkrish twn (2.4) kai (2.5)
me enallaktikè morfè oloklhrwtik¸n anaparastsewn, shmei¸noume ìti
k20(ω)C(ρ, ω) = k
2(ρ, ω)− k2NL(ω).
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Sti sqèsei (2.4), (2.5) sumbolzoume me G(ρ,ρ′, ω) th sunrthsh Green
toÔ probl mato apousa toÔ q¸rou Dd. H sunrthsh aut  epalhjeÔei thn
exswsh Helmholtz me shmeiak  phg  sto shmeo ρ′:
∇2xyG(ρ,ρ′, ω) + k2h(ρ, ω)G(ρ,ρ′, ω) = −δ(ρ − ρ′) (2.7)
ìpou
kh(ρ, ω) =
{
ki(ω) ρ ∈ Di i = 1, . . . , NL
kNL(ω) ρ ∈ Dd
enai h migadik  stajer didosh toÔ antstoiqou probl mato me omogen 
q¸ro DNL .
An sth sqèsh (2.4) periorsoume to shmeo parat rhsh sto eswterikì
toÔ skedast  Dd, prokÔptei h paraktw exswsh:
Ez(ρ, ω) = E
(i)
z (ρ, ω) +
∫∫
Dd
k20(ω)C(ρ
′, ω)Ez(ρ
′, ω)G(ρ,ρ′, ω) dρ′
ρ ∈ Dd. (2.8)
Prìkeitai gia mia oloklhrwtik  exswsh Fredholm deÔterou edou, kaj¸
o gnwsto Ez emfanzetai tìso mèsa ìso kai èxw apì to olokl rwma.
2.1.3 Mèjodo Rop¸n
H oloklhrwtik  exswsh (2.8) epilÔetai arijmhtik me th Mèjodo twn
Rop¸n (Harrington, 1968). Grfoume th (2.8) se morf  telest¸n w:
L(f) = g (2.9)
ìpou:
f = Ez(ρ, ω)
g = E(i)z (ρ, ω)
L = I − L′
I o monadiao telest 
L′ =
∫∫
Dd
k20(ω)C(ρ
′, ω)G(ρ,ρ′, ω) dρ′ , ρ ∈ Dd.
Apì ed¸ kai sto ex  jewroÔme ìti o q¸ro Dd èqei sq ma orjog¸niou
parallhlìgrammou kai ton diakritopoioÔme se NC = NxNy orjog¸nie kuyè-
le, diastsewn ∆x ×∆y h kajema. Sumbolzoume me Sn thn epifneia t 
kuyèlh n, kai me ρn to kèntro th.
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Epilègoume gia sunart sei bsh t  mejìdou twn rop¸n ti sunart -
seis-dekth:
fn(ρ) =
{
1 ρ ∈ Sn
0 ρ /∈ Sn
(2.10)
proseggzonta me autìn ton trìpo ti idiìthte toÔ skedast  kaj¸ kai to
hlektrikì pedo sto eswterikì autoÔ me kat tm mata stajerè sunart sei.
Oi sunart sei probol  pou qrhsimopoioÔme enai katanomè dèlta:
gm(ρ) = δ(ρ − ρm). (2.11)
AnaptÔssoume th sunrthsh f sth bsh fm, grfonta:
f = Ez(ρ, ω) =
NC∑
n=1
anfn(ρ) (2.12)
ap ìpou prokÔptei eÔkola ìti an = Ez(ρn, ω).
Eisgoume thn parapnw sqèsh sth (2.9) kai problloume ta dÔo mèlh
th sti sunart sei gm. ProkÔptei tìte to paraktw grammikì sÔsthma NC
exis¸sewn me isrijmou agn¸stou, ti timè toÔ olikoÔ pedou sto kèntro
kje kuyèlh toÔ skedast :
NC∑
n=1
[
δm,n − k20(ω)C(ρn, ω)GOm,n
]
Ez(ρn, ω) = E
(i)
z (ρm, ω) , m = 1, . . . , N
(2.13)
ìpou δm,n =
{
1 m = n
0 m 6= n kai G
O
m,n enai to olokl rwma skedast -skedast 
t  sunrthsh Green, to opoo dnetai apì th sqèsh:
GOm,n =
∫∫
Sn
G(ρm,ρ
′, ω) dρ′ , ρm ∈ Dd. (2.14)
Gnwrzonta to olikì pedo sto eswterikì toÔ skedast  Dd mporoÔme na
upologsoume to skedazìmeno pedo èxw apì autìn. AntikajistoÔme th (2.12)
sth (2.5) jewr¸nta ìti C(ρ, ω) = C(ρn, ω) sto eswterikì t  kuyèlh n
kai parnoume thn paraktw sqèsh:
E(s)z (ρm, ω) =
NC∑
n=1
k20(ω)C(ρn, ω)G
R
m,nEz(ρn, ω) , ρm /∈ Dd (2.15)
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ìpou GRm,n enai to olokl rwma skedast -dèkth t  sunrthsh Green, to
opoo dnetai apì th sqèsh:
GRm,n =
∫∫
Sn
G(ρm,ρ
′, ω) dρ′ , ρm /∈ Dd. (2.16)
Oi Chommeloux (1987) kai Dourthe (1997) dnoun thn analutik  èkfra-
sh t  sunrthsh G(ρ,ρ′, ω) kai twn oloklhrwmtwn GOm,n kai G
R
m,n ìtan
uprqei mìno èna str¸ma metaxÔ twn hmipeirwn mèswn toÔ Sq mato 2.1
(perptwsh NL = 3).
2.1.4 Exis¸sei pinkwn
JewroÔme ìti sto q¸ro D1 uprqoun NM shmea mètrhsh kai NS shmea
ekpomp 
4
. Se kje shmeo metrme to skedazìmeno pedo gia èna pl jo
NF suqnot twn kai gia kajèna apì ta NS prospptonta kÔmata. Gia mia
sugkekrimènh suqnìthta kai ekpomp , orzoume ta paraktw dianÔsmata pou
perièqoun timè megej¸n sto eswterikì toÔ skedast  Dd:
e = {Ez(ρn, ω)}
e(i) =
{
E(i)z (ρn, ω)
}
ρn ∈ Dd
n = 1, . . . , NC
kai epsh to dinusma e(s) pou perièqei timè apì to q¸ro D1:
e(s) =
{
E(s)z (ρm, ω)
}
ρm ∈ D1
m = 1, . . . , NM .
Me bsh ta parapnw dianÔsmata, mporoÔme na kataskeusoume tou p-
nake:
olikoÔ pedou E (NC ×NS)
prospptonto pedou E(i) (NC ×NS)
skedazìmenou pedou E(s) (NM ×NS)
twn opown kje st lh perièqei to dinusma mia ekpomp .
4
Prokeimènou gia eppeda prospptonta kÔmata, ta shmea NS brskontai sto peiro.
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Oi NC timè t  antjesh mporoÔn na grafoÔn se morf  dianÔsmato:
c = {C(ρn, ω)}
ρn ∈ Dd
n = 1, . . . , NC
apì to opoo prokÔptei o diag¸nio pnaka:
C = diag(c) (NC ×NC).
Ta oloklhr¸mata GOm,n kai G
R
m,n exart¸ntai apokleistik apì th gew-
metra toÔ probl mato. Oi timè tou mporoÔn na grafoÔn sth morf  twn
pinkwn:
skedast -skedast  GO =
{
GOm,n
}
(NC ×NC)
skedast -dèkth GR =
{
GRm,n
}
(NM ×NC).
Oi exis¸sei (2.13) kai (2.15) mporoÔn t¸ra na grafoÔn se morf  pinkwn.
Gia kje suqnìthta kai ekpomp  xeqwrist èqoume:
e(i) = (INC − GOC)e (2.17aþ)
e(s) = GRCe (2.17bþ)
en¸ an proume upìyh ìle ti ekpompè maz, gia kje suqnìthta isqÔei:
E(i) = (INC − GOC)E (2.18aþ)
E(s) = GRCE (2.18bþ)
ìpou INC o monadiao NC ×NC pnaka.
An upojèsoume ìti o pnaka (INC − GOC) enai antistrèyimo, mporoÔme
na gryoume to skedazìmeno pedo sunart sei toÔ prospptonto pedou kai
twn hlektromagnhtik¸n idiot twn toÔ probl mato:
e(s) = GRC(INC − GOC)−1e(i) (2.19)
E(s) = GRC(INC − GOC)−1E(i). (2.20)
Oi parapnw exis¸sei apoteloÔn th lÔsh toÔ eujèo probl mato skè-
dash gia mia sugkekrimènh suqnìthta ω. Apì ton orismì (2.6) prokÔptei ìti
o pnaka C mpore na grafe sth morf :
C = diag(εr(ω))− j diag(σ(ω))
ωε0
−
(
εNL(ω)
ε0
− j σNL(ω)
ωε0
)
INC (2.21)
ìpou εr(ω) =
ε(ω)
ε0
, kai ε,σ ta dianÔsmata twn tim¸n t  hlektrik  epidekti-
kìthta kai t  agwgimìthta sti NC kuyèle toÔ skedast .
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2.2 Antstrofo prìblhma skèdash
2.2.1 Orismì
To prìblhma pou exetzoume ed¸ enai h eÔresh twn hlektromagnhtik¸n
idiot twn toÔ skedast  Dd me bsh to prosppton pedo, ti idiìthte twn
mèswn pou ton periblloun kai to skedazìmeno apì autìn pedo.
5
Oi gnwstè posìthte enai:
  oi idiìthte twn NL mèswn toÔ Sq mato 2.1
ε˙i (i = 1, . . . , NL) , hi (i = 2, . . . , NL − 1)
  oi jèsei twn NC kuyel¸n toÔ q¸rou Dd
  oi jèsei twn NM shmewn mètrhsh sto q¸ro D1; sumbolzoume me LM
to sÔnolo aut¸n twn shmewn
  to prosppton pedo sta kèntra twn NC kuyel¸n, gia kajemi apì ti
NF suqnìthte kai NS ekpompè
e
(i)
f,s   E
(i)
f (f = 1, . . . , NF , s = 1, . . . , NS)
  to skedazìmeno pedo sta NM shmea mètrhsh, gia kajemi apì ti NF
suqnìthte kai NS ekpompè
e
(s)
f,s   E
(s)
f (f = 1, . . . , NF , s = 1, . . . , NS)
kai oi zhtoÔmene posìthte enai oi timè t  epidektikìthta kai t  agwgi-
mìthta kje kuyèlh.
JewroÔme ìti o skedast  enai mèso qwr diaspor; s aut  thn pe-
rptwsh oi idiìthtè tou enai anexrthte t  suqnìthta. 'Etsi mporoÔme
na grfoume gia ton pnaka t  antjesh C(εr,σ) paraleponta th mh ek-
pefrasmènh exrthsh apì th suqnìthta. An epiplèon orsoume to dinusma
χ =
(
εr
T σT
)T
pou perilambnei ti 2NC timè dihlektrik  stajer kai
agwgimìthta, mporoÔme na gryoume C(χ).
Gia na broÔme to dinusma χ pou epalhjeÔei thn exswsh (2.19), qrh-
simopoioÔme mia epanalhptik  mèjodo. Xekin¸nta apì mia arqik  tim  χ0,
dhmiourgoÔme mia akolouja dianusmtwn hlektrik¸n paramètrwn, me stìqo
na broÔme ti idiìthte tou skedast  ekenou pou dnei to dio skedazìmeno
pedo me ton gnwsto skedast .
5
To antstrofo prìblhma eÔresh twn idiot twn twn NL mèswn toÔ Sq mato 2.1
qwr to skedast  Dd ,èqei melethje apì tou Aliferis et al. (2000b) gia thn perptwsh
akoustik¸n kumtwn.
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Kataskeuzoume èna sunarthsioeidè pou metr th diafor anmesa sto
skedazìmeno pedo anafor   to opoo prokÔptei apì ton gnwsto skeda-
st    kai sto skedazìmeno pedo apì to antikemeno kje epanlhyh:
J(χ) ,
NF∑
f=1
NS∑
s=1
‖rf,s(χ)‖2LM (2.22)
ìpou
rf,s(χ) = e
(s)
f,s − GRC(χ)
[
INC − GOC(χ)
]−1
e
(i)
f,s. (2.23)
Sumbolzoume me ‖·‖LM to mètro pou prokÔptei apì to eswterikì ginì-
meno 〈·, ·〉LM toÔ q¸rou L2(LM ) twn migadik¸n sunart sewn oloklhr¸simou
tetrag¸nou sto LM . Sth suneq  perptwsh, to eswterikì ginìmeno dÔo su-
nart sewn dnetai apì:
〈u, v〉LM =
∫
LM
u(ρ)v∗(ρ) dρ (2.24)
en¸ sth diakrit  perptwsh h parapnw sqèsh gnetai:
〈u, v〉LM =
NM∑
m=1
u(ρm)v
∗(ρm) (2.25)
ìpou qrhsimopoioÔme to sumbolismì z∗ gia to suzug  migadikì toÔ z.
To sunarthsioeidè (2.22) èqei mh grammik  exrthsh apì th metablht 
χ. H elaqistopohs  tou ja d¸sei th lÔsh toÔ antstrofou probl mato,
dhlad  to dinusma χ pou pargei to kontinìtero skedazìmeno pedo w pro
to pedo anafor.
2.2.2 Mèjodo suzug¸n klsewn
Efarzìzoume th mh grammik  mèjodo twn suzug¸n klsewn me thn pa-
rallag  Polak-Ribie`re gia thn elaqistopohsh t  (2.22). H akolouja twn
dianusmtwn χk (k ≥ 0) kataskeuzetai sÔmfwna me ta paraktw:
χk+1 = χk + αkηk (2.26)
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ìpou:
ηk =
{
g0 k = 0
gk + βkηk−1 k ≥ 1 (2.27)
gk =∇J(χk) (2.28)
αk :
∂
∂αk
J(χk+1) = 0 (2.29)
βk =
〈
gk,gk − gk−1〉
Dd∥∥gk−1∥∥2
Dd
. (2.30)
Apì th morf  mplok toÔ dianÔsmato χ =
(
εr
T σT
)T
prokÔptei ìti:
gk =∇J(χk) =
(
[∇εrJ(χ
k)]T [∇σJ(χ
k)]T
)T
,
(
gkεr
T
gkσ
T
)T
. (2.31)
Qwrzoume to dinusma ηk sthn dia dom  mplok, η =
(
ηεr
T ησ
T
)T
kai
orzoume:
dk = ηkεr − j
1
ωε0
ηkσ (2.32)
Ak =
[
INC − GOC(χk)
]−1
. (2.33)
H klsh toÔ sunarthsioeidoÔ (2.22) upologzetai apì th sqèsh (2.31),
ìpou (Dourthe, 1997):
gkεr = −2
NF∑
f=1
NS∑
s=1
Re
(
diag(Ake
(i)
f,s)
∗Ak∗GR†rf,s(χk)
)
gkσ = −2
1
ωε0
NF∑
f=1
NS∑
s=1
Im
(
diag(Ake
(i)
f,s)
∗Ak∗GR†rf,s(χk)
)
en¸ o suntelest  αk dnetai apì:
αk =
∑NF
f=1
∑NS
s=1Re
〈
rf,s(χ
k),GRAkTdiag(Ake
(i)
f,s)d
k
〉
LM∥∥∥GRAkTdiag(Ake(i)f,s)dk∥∥∥2
LM
.
Upenjumzoume ìti sumbolzoume me A† ton ermitianì suzug  toÔ pnaka
A, o opoo isoÔtai me to suzug  migadikì toÔ AT .
Gia ton upologismì toÔ suntelest  βk, sqèsh (2.30), shmei¸noume ìti apì
th dom  toÔ dianÔsmato g prokÔptei:
〈
gi,gj
〉
Dd
=
〈
giεr ,g
j
εr
〉
Dd
+
〈
giσ,g
j
σ
〉
Dd
.
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Parat rhsh 2.1 Apì ton orismì toÔ pnaka Ak (2.1) prokÔptei ìti se
kje epanlhyh toÔ antstrofou probl mato, epilÔoume to antstoiqo eujÔ
prìblhma gia to skedast  t  trèqousa epanlhyh.
2.2.3 Mèjodo disuzug¸n klsewn
JewroÔme ìti to sunarthsioeidè t  exswsh (2.22) exarttai apì dÔo
metablhtè, ta dianÔsmata εr kai σ:
J(εr,σ) ,
NF∑
f=1
NS∑
s=1
‖rf,s(εr,σ)‖2LM (2.34)
kai efarmìzoume th mh grammik  mèjodo suzug¸n klsewn xeqwrist se kje
dinusma. M autìn ton trìpo, kat th diadikasa elaqistopohsh, to kje
dinusma exelssetai anexrthta apì to llo, kti pou antapokrnetai sth
fusik  distash toÔ probl mato.
DhmiourgoÔme dÔo akolouje dianusmtwn,
εk+1r = ε
k
r + α
k
εrη
k
εr
σk+1 = σk + αkση
k
σ
ìpou:
ηkεr =
{
g0εr k = 0
gkεr + β
k
εrη
k−1
εr
k ≥ 1
ηkσ =
{
g0σ k = 0
gkσ + β
k
ση
k−1
σ k ≥ 1
gkεr =∇εrJ(ε
k
r ,σ
k)
gkσ =∇σJ(ε
k
r ,σ
k)
αkεr :
∂
∂αkεr
J(εk+1r ,σ
k+1) = 0
αkσ :
∂
∂αkσ
J(εk+1r ,σ
k+1) = 0
βkεr =
〈
gkεr ,g
k
εr
− gk−1εr
〉
Dd∥∥gk−1εr ∥∥2Dd
βkσ =
〈
gkσ,g
k
σ − gk−1σ
〉
Dd∥∥gk−1σ ∥∥2Dd .
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Oi ekfrsei gia ti klsei gkεr , g
k
σ enai die me ekene t  prohgoÔme-
nh paragrfou, en¸ oi suntelestè klmaka αkεr , α
k
σ èqoun poluplokìterh
morf  kai upologzontai sthn anafor (Dourthe, 1997).
2.2.4 Kanonikopohsh
'Opw anafèrjhke sthn eisagwg , to antstrofo prìblhma eÔresh twn
idiot twn toÔ skedast Dd enai mh kal¸ topojethmèno, gegonì pou kajist
aparathth th qr sh mia mejìdou kanonikopohsh. Qrhsimopoi¸nta thn
kanonikopohsh, dnoume sumplhrwmatik , a priori, plhrofora sqetik me ti
idiìthte t  epijumht  lÔsh. Efarmìzoume ed¸ mia mèjodo basismènh se
mia teqnik  diat rhsh asuneqei¸n (Lobel, 1996, Lobel et al., 1997a) sthn
opoa anaferj kame se suntoma sthn pargrafo 1.1.5 (selda 8).
Oi mèjodoi nteterministik  kanonikopohsh pou exetzoume tropopoioÔn
to sunarthsioeidè t  sqèsh (2.22) prosjètonta ènan ìro t  morf :
ζ2
∫∫
Dd
φ(‖∇C(ρ)‖) dρ (2.35)
 , jewr¸nta xeqwrist thn exrthsh apì ε kai σ:
ζ2εr
∫∫
Dd
φ(‖∇εr(ρ)‖) dρ+ ζ2σ
∫∫
Dd
φ(‖∇σ(ρ)‖) dρ. (2.36)
Sth diakrit  perptwsh, to pr¸to olokl rwma grfetai:
ζ2
Nx∑
i=1
Ny∑
j=1
φ
(‖(∇c)i,j‖) (2.37)
ìpou to mètro t  klsh enì pnaka orzetai sto parrthma Aþ (sqèsh (Aþ.3),
selda 117).
6
H plhrofora gia th lÔsh toÔ antstrofou probl mato proèrqetai t¸-
ra apì dÔo phgè: to skedazìmeno pedo anafor kai thn kanonikopohsh.
Oi suntelestè brou ζ epilègontai anloga me to bajmì axiopista pou
apoddoume se kajemi apì ti dÔo phgè plhrofora. An ta dedomèna t 
mètrhsh toÔ skedazìmenou pedou enai axiìpista, tìte ta brh mporoÔn na
6
Ston ìro∇c, sumbolzoume me c ton pnaka Nx×Ny twn tim¸n t  antjesh sti NC
kuyèle toÔ skedast  kai ìqi to dinusma m kou NxNy. Epilègoume na mhn epibarÔnoume
to sumbolismì, pisteÔonta ìti de dhmiourgoÔme sÔgqush. QrhsimopoioÔme periorismèna
aut  th duadikìthta: sthn paroÔsa enìthta, se ìrou pou perièqoun ton telest  ∇, kai
sto epìmeno keflaio sti sqèsei (3.1), selda 31.
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proun mikrè timè; sthn antjeth perptwsh, auxnoume th shmasa t  a
priori plhrofora.
H epdrash toÔ ìrou t  kanonikopohsh sth diadikasa elaqistopoh-
sh toÔ sunarthsioeidoÔ exarttai apì th morf  t  sunrthsh φ(·). Gia
pardeigma, gia kanonikopohsh tÔpou Tikhonov isqÔei φ(t) = t2. Aut  h
epilog  odhge se elaqistopohsh toÔ tetrag¸nou toÔ mètrou t  klsh t 
antjesh, opìte h lÔsh pou parnoume èqei leo profl ε(ρ) kai σ(ρ).
H kanonikopohsh me diat rhsh asuneqei¸n odhge se mia lÔsh kat tm -
mata omal . Asunèqeie sti timè twn ε(ρ) kai σ(ρ) diathroÔntai, efìson
enai megalÔtere apì èna kat¸fli, en¸ oi perioqè me mikrìtere metabolè
exomalÔnontai. Oi trei basikè propojèsei pou prèpei na ikanopoie h su-
nrthsh φ ¸ste na isqÔoun ta parapnw enai:
lim
t→0
φ′(t)
t
=M <∞ isotropik  leansh
sti omogene perioqè
(2.38aþ)
lim
t→∞
φ′(t)
t
= 0 diat rhsh asuneqei¸n (2.38bþ)
φ′(t)
t
monìtona fjnousa eustjeia t  kanonikopohsh. (2.38gþ)
ApodeiknÔetai ìti gia ti sunart sei pou ikanopoioÔn ti parapnw sun-
j ke, uprqei mia sunrthsh ψ(·) kai mia metablht  b exart¸menh apì to t,
tètoie ¸ste, gia kje t > 0, na mporoÔme na gryoume:
φ(t) = min
b
[
bt2 + ψ(b)
]
(2.39)
b˜ , bmin =
φ′(t)
2t
. (2.40)
Shmei¸noume ìti oi sunj ke (2.38) èqoun mesh efarmog  sti timè toÔ
b˜. Ja epanèrjoume s aut n thn parat rhsh sto tèlo toÔ kefalaou.
DÔo sunart sei pou mporoÔn na qrhsimopoihjoÔn gia kanonikopohsh me
diat rhsh asuneqei¸n enai oi:
φgc(t) =
t2
1 + t2
φ′gc(t) =
2
(1 + t2)2
t Geman & Mc Clure (2.41)
φhl(t) = log
(
1 + t2
)
φ′hl(t) =
2
(1 + t2)
t Hebert & Leahy. (2.42)
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Gia thn efarmog  t  kanonikopohsh sth mèjodo elaqistopohsh disu-
zug¸n klsewn, to sunarthsioeidè t  sqèsh (2.34) grfetai:
J(εr,σ) =
NF∑
f=1
NS∑
s=1
‖rf,s(εr,σ)‖2LM+
ζ2εr
Nx∑
i=1
Ny∑
j=1
φ
(‖(∇εr)i,j‖
δεr
)
+ ζ2σ
Nx∑
i=1
Ny∑
j=1
φ
(‖(∇σ)i,j‖
δσ
)
. (2.43)
ìpou δεr , δσ enai to kat¸fli gia thn anqneush twn asuneqei¸n t  dihlektri-
k  stajer kai t  hlektrik  agwgimìthta, antstoiqa.
Qrhsimopoi¸nta th morf  me th metablht  b, grfoume:
J(εr,σ) =
NF∑
f=1
NS∑
s=1
‖rf,s(εr,σ)‖2LM + minbεr ,bσ Jreg(εr,σ,bεr ,bσ) (2.44)
ìpou:
Jreg(εr,σ,bεr ,bσ) =
ζ2εr
δ2εr
Nx∑
i=1
Ny∑
j=1
(bεr)i,j ‖(∇εr)i,j‖2 + ψ ((bεr)i,j)+
ζ2σ
δ2σ
Nx∑
i=1
Ny∑
j=1
(bσ)i,j ‖(∇σ)i,j‖2 + ψ ((bσ)i,j). (2.45)
Me bsh th sqèsh (2.40), ta bεr , bσ pou elaqistopoioÔn to sunarthsioei-
dè Jreg gia stajer εr kai σ, isoÔntai me:
(b˜εr)i,j =
φ′
(
1
δεr
‖(∇εr)i,j‖
)
2
δεr
‖(∇εr)i,j‖
(2.46aþ)
(b˜σ)i,j =
φ′
(
1
δσ
‖(∇σ)i,j‖
)
2
δσ
‖(∇σ)i,j‖
. (2.46bþ)
'Opw apodeiknÔetai (Dourthe, 1997) gia thn klsh toÔ sunarthsioeidoÔ
(2.43) me tou ìrou kanonikopohsh, isqÔei:
gkεr = −2
NF∑
f=1
NS∑
s=1
Re
(
diag(Ake
(i)
f,s)
∗Ak∗GR†rf,s(εr,σ)
)
− 2ζ
2
εr
δ2εr
∇2
bkεr
εkr
gkσ = −2
1
ωε0
NF∑
f=1
NS∑
s=1
Im
(
diag(Ake
(i)
f,s)
∗Ak∗GR†rf,s(εr,σ)
)
− 2ζ
2
σ
δ2σ
∇2
bkσ
σk
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ìpou h laplasian  enì pnaka w pro ènan llo orzetai sto parrthma Aþ
(sqèsh (Aþ.5), selda 118).
Oi suntelestè klmaka αkεr , α
k
σ èqoun poluplokìterh morf  all èqoun
upologiste sthn anafor (Dourthe, 1997).
Gia thn elaqistopohsh toÔ sunarthsioeidoÔ (2.45) epilègontai pr¸ta oi
bèltiste timè twn bεr , bσ, ìpw autè prokÔptoun apì thn exswsh (2.46).
Sth sunèqeia, ta εr, σ metabllontai sÔmfwna me tou tÔpou t  paragrfou
2.2.3, me stajer bεr , bσ, gia orismèno arijmì Nint eswterik¸n epanal yewn.
H parapnw diadikasa suneqzetai, elaqistopoi¸nta enallx w pro ti
paramètrou t  kanonikopohsh kai ti idiìthte toÔ q¸rou Dd.
H akrib  morf  t  sunrthsh ψ(·) dnetai apì ton Charbonnier (1994)
all den enai aparathth gia tou upologismoÔ. 'Otan kajoristoÔn oi timè
twn paramètrwn bεr , bσ, oi ìroi ψ((b˜εr)i,j) kai ψ((b˜σ)i,j) sth sqèsh (2.45)
paramènoun stajero kat thn elaqistopohsh w pro εr kai σ kai gi autì
mporoÔn na paraleifjoÔn. S aut  thn perptwsh, o ìro Jreg èqei tetragw-
nik  exrthsh apì to mètro t  klsh twn εr kai σ se kje kuyèlh. Oi timè
twn (b˜εr)i,j kai (b˜σ)i,j antistoiqoÔn se suntelestè brou.
MporoÔme t¸ra na d¸soume mia ex ghsh toÔ mhqanismoÔ autoÔ toÔ e-
dou kanonikopohsh. A exetsoume, gia pardeigma, thn epptws  th sth
dihlektrik  stajer gÔrw apì thn kuyèlh (i, j). H suneisfor toÔ sunarth-
sioeidoÔ kanonikopohsh Jreg sto sunolikì sunarthsioeidè (2.44) enai sh
me
ζ2εr(b˜εr)i,jt
2
ìpou
t =
‖(∇εr)i,j‖
δεr
.
Autì o ìro èqei th morf  t  kanonikopohsh tÔpou Tikhonov kai odh-
ge se leansh toÔ εr gÔrw apì thn kuyèlh (i, j). H leansh enai perissìtero
  ligìtero shmantik  anloga me to suntelest  brou (b˜εr)i,j.
SÔmfwna me ti sunj ke (2.38), selda 25, o suntelest  (b˜εr)i,j gnetai
mègisto, so me M/2, an, ìtan upologzoume thn tim  tou, to mètro t 
klsh toÔ εr sthn kuyèlh (i, j) enai polÔ mikrìtero apì to kat¸fli δεr : oi
omogene perioqè leianontai perissìtero (sunj kh aþ, t → 0). O sunte-
lest  brou gnetai oloèna mikrìtero gia ti kuyèle pou parousizoun
oloèna megalÔtere metabolè toÔ εr sthn perioq  tou (sunj kh gþ) kai te-
nei sto mhdèn ìtan oi metabolè gnontai polÔ megalÔtere apì to kat¸fli
(sunj kh bþ, t→∞); oi asunèqeie diathroÔntai.
MporoÔme loipìn na jewroÔme ìti h kanonikopohsh me diat rhsh asune-
qei¸n efarmìzei leansh tÔpou Tikhonov me topikoÔ suntelestè, se kje
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kuyèlh xeqwrist. Oi suntelestè auto èqoun megle timè gia ti omo-
gene perioqè kai mikrìtere   tenonta monotonik sto mhdèn   gia ti
anomoiogene. Oi timè tou upologzontai dunamik, kje Nint epanal yei
elaqistopohsh toÔ sunarthsioeidoÔ, ¸ste na lambnetai upìyh h exèlixh
twn εr kai σ.
H metabol  twn suntelest¸n se sqèsh me thn parmetro t, dhlad  h morf 
t  sunrthsh b˜(t) = φ
′(t)
2t , kajorzei th sumperifor t  kanonikopohsh.
Mia èntona fjnousa morf , ìpw aut  pou antistoiqe sth φgc, anakata-
skeuzei profl me pio èntone asunèqeie apì ì,ti mia pio arg  metabol ,
ìpw ekenh pou anistoiqe sth sunrthsh φhl.
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Keflaio 3
Arijmhtik apotelèsmata
Nu˜n tw˜n lepidoptèrwn tä nèfo tä kinoÔmeno
AÊàn tw˜n musthrwn tä fw˜ tä periiptmeno
Sti pr¸te enìthte toÔ kefalaou, parousizoume ti belti¸sei pou ègi-
nan sth mèjodo toÔ Dourthe (1997), sta plasia t  paroÔsa ergasa. Sth
sunèqeia, mèsw mia seir parametrik¸n melet¸n, exetzoume th sumperifor
kai ti idiìthte t  mejìdou mikrokumatik  apeikìnish toÔ prohgoÔmenou
keflaiou.
3.1 Eisagwg 
QrhsimopoioÔme pollaplè prospt¸sei kai pollaplè isapèqouse su-
qnìthte gia na proume dedomèna skèdash. H gewmetra toÔ probl mato
paramènei ìmoia me ekenh toÔ Sq mato 2.1 (selda 15). Ta NM shmea mè-
trhsh toÔ skedazìmenou pedou sto q¸ro D1 enai suneujeiak, isapèqonta,
kai orzoun th gramm  mètrhsh m kou LM = (NM − 1)∆M , ìpou ∆M h
apìstash metaxÔ dÔo geitonik¸n shmewn mètrhsh. H gramm  mètrhsh enai
parllhlh me th diepifneia twn mèswn D1/D2 kai brsketai se apìstash hM
apì aut . O q¸ro Dd èqei sq ma orjog¸niou parallhlìgrammou, diastse-
wn Lx×Ly, kai apoteletai apì NC = Nx×Ny kuyèle, diastsewn ∆x×∆y
h kajema. H pnw pleur toÔ q¸rou Dd apèqei hd apì th diepifneia twn
mèswn DL−1/DL. To kèntro toÔ q¸rou Dd w pro ton xona x sumpptei
me to kèntro t  gramm  mètrhsh.
Oi sunart sei Green pou dnontai sthn ergasa toÔ Dourthe (1997), ka-
lÔptoun thn perptwsh NL = 3. Se ìla ta arijmhtik apotelèsmata pou
parousizoume ed¸, jewroÔme ìti èqoume mìno dÔo hmipeira mèsa, jètonta
h2 = 0. Epsh, h gramm  mètrhsh brsketai se epaf  me th diaqwristik 
epifneia twn dÔo hmiq¸rwn (hM = 0).
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Sq ma 3.1: Profl dihlektrik  stajer kai agwgimìthta pragmatikoÔ
antikeimènou. Oi arijmo stou xone x, y anafèrontai se kuyèle.
To prìblhma pou meletme ègkeitai sthn anakataskeu  toÔ profl dihle-
ktrik  stajer enì antikeimènou aperou m kou (praktik, megalÔterou
apì arket m kh kÔmato) to opoo brsketai sto eswterikì enì omogenoÔ,
ag¸gimou mèsou qwr diaspor. Se pragmatikè sunj ke, ta dedomèna toÔ
antstrofou probl mato proèrqontai apì metr sei toÔ skedazìmenou ped-
ou. Ed¸, sth fsh pistopohsh kai melèth t  mejìdou, qrhsimopoioÔme
sunjetik dedomèna skèdash, upologismèna me th mèjodo twn rop¸n pou
parousisthke sto prohgoÔmeno keflaio.
1
Gia na pargoume to skedazìmeno pedo, jewroÔme gnwstì to antikemeno;
ta apotelèsmata toÔ antstrofou probl mato sugkrnontai me to antikemeno
autì. O skedast  èqei tetragwnik  diatom  diastsewn 12.5 × 12.5 cm2
kai brsketai jammèno mèsa se mmo se bjo 23.75 cm. H dihlektrik  tou
stajer isoÔtai me εr = 3 en¸ gia thn mmo jewroÔme tupikè timè εr = 2.55
kai σ = 410−3 S/m.
Sto antstrofo prìblhma, jewroÔme ìti de gnwrzoume akrib¸ th jèsh
toÔ skedast , opìte o q¸roDd perilambnei ìqi mìno to dihlektrikì antike-
meno all kai èna tm ma toÔ peribllonta q¸rou. 'Etsi h pro anakataskeu 
perioq  èqei anomoiogenè profl (Sq ma 3.1). Oi timè twn paramètrwn gia
th diakritopohsh toÔ q¸rouDd perilambnontai ston Pnaka 3.1, en¸ oi timè
twn paramètrwn kanonikopohsh, ston Pnaka 3.2.
Ta profl pou prokÔptoun apì th lÔsh toÔ antstrofou probl mato
1
QrhsimopoioÔme thn dia diakritopohsh gia na lÔsoume to antstrofo prìblhma kai gia
na upologsoume ta sunjetik dedomèna. 'Omw, de diaprttoume to {antstrofo ègklh-
ma}, giat h diakritopohsh enai epark¸ leptomer . Autì diasfalzei thn akrbeia twn
apotelesmtwn t  mejìdou twn rop¸n: akìma kai an qrhsimopoioÔsame mia diaforetik 
diakritopohsh (all pnta epark¸ leptomer ) gia ta sunjetik dedomèna, to upologismè-
no skedazìmeno pedo de ja  tan diaforetikì. Se kje perptwsh, h prosj kh jorÔbou
sta sunjetik dedomèna (enìthta 3.3) ja apomakrÔnei kje amfibola.
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Pnaka 3.1: Parmetroi diakritopohsh q¸rou Dd.
Lx=Ly = 22.5 cm
∆x=∆y = 2.5 cm
Nx=Ny = 9
NC =81
hd= 23.75 cm
Pnaka 3.2: Parmetroi kanonikopohsh.
φ(·)=φgc(·)
ζεr = 10
−2
ζσ = 10
−3
δεr = 0.4
δσ = 1.25 10
−3
Nint= 10
sugkrnontai me aut toÔ Sq mato 3.1, ta opoa sunistoÔn thn epijumht 
lÔsh. Orzoume w krit rio poiìthta kje anakataskeu  ti posìthte:
dεr ,
∥∥εr − εdr∥∥∥∥εdr∥∥ =
√√√√∑Nxi=1 ∑Nyj=1 [(εr)ij − (εdr)ij]2∑Nx
i=1
∑Ny
j=1
[
(εdr)ij
]2 (3.1aþ)
dσ ,
∥∥σ − σd∥∥∥∥σd∥∥ =
√√√√∑Nxi=1 ∑Nyj=1 [(σ)ij − (σd)ij]2∑Nx
i=1
∑Ny
j=1
[
(σd)ij
]2 (3.1bþ)
ìpou ta εr, σ enai h lÔsh toÔ antstrofou probl mato kai ε
d
r, σ
d
ta prag-
matik profl (Sq ma 3.1). SÔmfwna me tou parapnw orismoÔ, dεr enai h
apìstash twn anakataskeuasmènwn tim¸n dihlektrik  stajer εr apì ti
pragmatikè εdr, kanonikopoihmènh w pro to mètro toÔ ε
d
r. Antstoiqo nìhma
èqei h dσ gia ti timè t  agwgimìthta.
2
Shmei¸noume ed¸ ìti oi timè toÔ sunarthsioeidoÔ J (sqèsh (2.22), se-
lda 21) den apoteloÔn axiìpisto krit rio gia thn poiìthta t  lÔsh. Autì
sumbanei giat h elaqistopohsh toÔ sunarthsioeidoÔ mpore na sugklnei se
èna antikemeno diaforetikì apì to pragmatikì, afoÔ to antstrofo prìblh-
ma enai mh swst orismèno kai epidèqetai pollaplè lÔsei. Se mia tètoia
2
Stou parapnw orismoÔ, qrhsimopoioÔme kataqrhstik ton dio sumbolismì gia ènan
pnaka Nx×Ny kai gia to antstoiqo dinusma m kou NxNy. O anagn¸sth parapèmpetai
sthn uposhmewsh 6 t  selda 24.
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perptwsh, par th mikr  tim  toÔ J , h lÔsh de ja enai swst . Antjeta, ta
krit ria pou orsthkan sti (3.1) dnoun pnta èna akribè mètro t  poiìthta
t  lÔsh.
Se ìla ta arijmhtik peirmata toÔ kefalaou, h arqik  ektmhsh gia ti
idiìthte toÔ q¸rou Dd enai ekenh t  mhdenik  antjesh   jewroÔme dhla-
d  ìti o Dd tautzetai me ton exwterikì q¸ro DNL   ektì kai an anafèretai
diaforetik sto kemeno. Gia thn elaqistopohsh qrhsimopoioÔme pentakìsie
epanal yei.
3.2 Montelopohsh prospptonto pedou
Mia apì ti prooptikè t  upì melèth mejìdou enai na qrhsimopoihje
gia anakataskeu  me bsh peiramatik dedomèna skèdash. Exetzoume ed¸
thn perptwsh ìpou ta NS shmea ekpomp  tautzontai me ta NM shmea mè-
trhsh, opìte o q¸ro Dd brsketai sto kontinì pedo twn kerai¸n ekpomp .
Upì autè ti sunj ke, to prosppton pedo sto eswterikì toÔ q¸rouDd den
mpore plèon na proseggiste me eppeda kÔmata, all prèpei na montelopoih-
je me akrbeia qrhsimopoi¸nta kpoia llh mèjodo. Se antjeth perptwsh,
h mèjodo anakataskeu  endèqetai na mh sugklnei se swstì apotèlesma,
kaj¸ èna apì ta dedomèna toÔ antstrofou probl mato   to prosppton
pedo   de ja antapokrnetai sthn pragmatikìthta.
H mèjodo mikrokumatik  apeikìnish toÔ prohgoÔmenou kefalaou tro-
popoi jhke katllhla ¸ste h plhrofora gia to prosppton pedo na mpore
na proèrqetai apì dedomèna arijmhtik  prosomowsh (Pichot et al., 1999,
Aliferis et al., 2000a). H aktinobola apì ti kerae ekpomp  upologzetai
arijmhtik me to logismikì SR3D (Ratajczak et al., 1994, Brachat et al.,
1996), to opoo èqei anaptuqje sto ereunhtikì kèntro France Te´le´com, La
Turbie (Cerboni et al., 1994) me bsh th mèjodo twn epifaneiak¸n pepera-
smènwn stoiqewn. Oi upologismo toÔ prospptonto pedou èginan apì ton
J.-Y. Dauvignac.
Oi prosomoi¸sei diafìrwn tÔpwn kerai¸n paramènoun se mia bsh dedo-
mènwn. Gia ta apotelèsmata autoÔ toÔ kefalaou qrhsimopoietai prosp-
pton pedo apì kerae papigiìn (bow-tie) pou aktinoboloÔn sthn perioq 
0.3 − 1.3GHz. To pedo enai diajèsimo gia b ma suqnìthta 50MHz, su-
nolik gia ekosi ma suqnìthte. Apotelèsmata anakataskeu  me sunjetik
dedomèna kai aktinobola apì kerae tÔpou etsa (Exponential Tapered Slot
Antenna) (Guillanton et al., 1998) sthn perioq  1 − 6GHz parousisthkan
apì tou Guillanton et al. (2001).
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3.3 Montelopohsh metrhtikoÔ jorÔbou
Mia sunèpeia t  mh swst  topojèthsh toÔ antstrofou probl mato
enai ìti h lÔsh mpore na mhn èqei omal  exrthsh apì ta dedomèna. Sthn pe-
rptwsh anakataskeu  me bsh peiramatik dedomèna, to skedazìmeno pedo
perièqei pnta metrhtikì jìrubo, kti pou mpore na odhg sei se duskola,
  akìma kai adunama, eÔresh lÔsh. Gia na melet soume thn anjektikìth-
ta t  mejìdou apeikìnish tropopoioÔme katllhla ta sunjetik dedomèna,
qrhsimopoi¸nta èna montèlo gia to jìrubo mètrhsh.
JewroÔme ìti o jìrubo mètrhsh enai prosjetikì, omoiìmorfh   kano-
nik  katanom , me mhdenik  mèsh tim . O jìrubo mpore na prostjetai sto
mètro kai th fsh toÔ skedazìmenou pedou,   sto pragmatikì kai fantastikì
tou mèro. H stjmh toÔ jorÔbou qarakthrzetai apì to phlko s mato pro
jìrubo, to opoo orzetai w:
SNRdB = 10 log10
enèrgeia s mato
enèrgeia jorÔbou
= 10 log10
Esignal
Enoise
.
W s ma jewroÔme to dinusma e
(s)
f,s twn tim¸n toÔ skedazìmenou hle-
ktrikoÔ pedou sta NM shmea mètrhsh, gia mia sugkekrimènh suqnìthta kai
ekpomp . An prosjètoume to jìrubo sto mètro kai th fsh toÔ skedazìmenou
pedou, tìte:
Esignal =
1
NM
NM∑
i=1
∣∣∣(e(s)f,s )
i
∣∣∣2
en¸ an o jìrubo prostjetai qwrist sti pragmatikè kai ti fantastikè
timè tìte:
Esignal =
1
NM
NM∑
i=1
Re
[(
e
(s)
f,s
)
i
]2
gia to pragmatikì mèro
Esignal =
1
NM
NM∑
i=1
Im
[(
e
(s)
f,s
)
i
]2
gia to fantastikì mèro.
An o jìrubo akolouje omoiìmorfh katanom  me timè sto disthma
[−α,α] kai mhdenik  mèsh tim , h enèrgei tou dnetai apì:
Enoise =
α2
3
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en¸ an prìkeitai gia kanonik  katanom  me mhdenik  mèsh tim  kai diaspor
σ, tìte:
Enoise = σ
2.
Shmei¸noume ìti o jìrubo pou prostjetai sth fsh enai pnta mhdenik 
mèsh tim , me omoiìmorfh katanom  sto disthma [−π, π].
Apì ti parapnw sqèsei, me bsh ton tÔpo jorÔbou pou prostjetai kai
thn epijumht  tim  toÔ phlkou s mato pro jìrubo, epilègontai gia kje
suqnìthta kai ekpomp  ta katllhla qarakthristik (α   σ) t  katanom 
jorÔbou, se sunrthsh me thn enèrgeia toÔ s mato.
Se ìla ta apotelèsmata pou parousizoume ed¸, o jìrubo akolouje ka-
nonik  katanom  kai prostjetai xeqwrist sto pragmatikì kai to fantastikì
mèro toÔ skedazìmenou pedou. Aut  h epilog  upagoreÔetai apì to gegonì
ìti oi metr sei dnoun se xeqwrist kanlia to pragmatikì kai to fantastikì
mèro.
Parat rhsh 3.1 'Opw prokÔptei apì ta parapnw, o jìrubo perigrfe-
tai gia kje ma apì ti NF suqnìthte kai NS ekpompè me èna tuqao di-
nusma m kou NM . Oi timè kje dianÔsmato akoloujoÔn thn dia katanom 
all me diaforetik  parmetro. Oi NFNSNM tuqae timè apoteloÔn ma
anaparstash toÔ jorÔbou. Ta apotelèsmata pou parousizoume proèkuyan
apì ma mìno arijmhtik  eplush gia kje prìblhma. Kaj¸ to sÔnolo twn
tuqawn tim¸n enai mikrì kai den apotele qarakthristikì degma t  katano-
m , anamènoume diakumnsei sta apotelèsmata problhmtwn me parapl sie
paramètrou, idw ìtan qrhsimopoioÔme uyhlè stjme jorÔbou.
3
3.4 Melèth anoq  jorÔbou
Parousizoume mia sÔntomh arqik  melèth t  sumperifor t  mejì-
dou apènanti sto jìrubo. Epilègoume ti paraktw timè gia ta megèjh toÔ
probl mato:
LM = 1.5m NM = 21 ∆M = 7.5 cm
fmin = 0.3GHz fmax = 1.3GHz NF = 3.
ParathroÔme (Sq ma 3.2, selda 36) ìti h anakataskeu  t  dihlektrik 
stajer enai idiatera anjektik  sto jìrubo. Me qr sh kanonikopohsh, h
epdrash toÔ jorÔbou enai amelhtèa mèqri kai ta 24 dB. Antjeta, to sflma
3
Anakluya mia jaumsia lÔsh gi autì, all den èqw arketì (upologistikì) qrìno.
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sthn anakataskeu  t  agwgimìthta gnetai meglo mìli to phlko s mato
pro jìrubo pèsei ktw apì ta 40 dB. H qr sh kanonikopohsh belti¸nei ta
apotelèsmata, ìmw den enai ikan  na diathr sei to sflma t  agwgimìthta
se ikanopoihtik qamhlì eppedo. Se kje perptwsh pntw, o algìrijmo
dnei toulqiston poiotik  plhrofora gia thn agwgimìthta toÔ gnwstou
antikeimènou.
Gia timè toÔ phlkou s mato pro jìrubo megalÔtere apì 60 dB, oi
mèse timè twn sfalmtwn stajeropoioÔntai kai mporoÔme na jewroÔme ìti
praktik o jìrubo den uprqei.
Sto upìloipo toÔ kefalaou, se ìla ta apotelèsmata o lìgo s mato
pro jìrubo emfanzetai w parmetro, gia ti timè 30 dB kai 40 dB. Sum-
bolzoume me SNR =∞ thn apousa jorÔbou.
3.5 Melèth gramm  mètrhsh
Omda apotelesmtwn 1 JewroÔme ìti h gramm  mètrhsh èqei m ko
LM = 1.5m kai metablloume ton arijmì NM   kai, emmèsw, thn apìstash
∆M , afoÔ LM = (NM−1)∆M   twn shmewn ekpomp /mètrhsh. Qrhsimo-
poioÔme NF = 5 suqnìthte sthn perioq  0.3−1.3GHz (Sq ma 3.3 selda 39
qwr kanonikopohsh, Sq ma 3.4 selda 40 me kanonikopohsh).
4
H pr¸th parat rhsh enai ìti, gia thn perptwsh pou den èqoume jìru-
bo, h aÔxhsh toÔ arijmoÔ twn shmewn mètrhsh de belti¸nei aparathta thn
poiìthta t  anakataskeu . Uprqei ma bèltisth posìthta plhrofora h
opoa odhge sta kalÔtera apotelèsmata. 'Otan ìmw to skedazìmeno pedo
perièqei jìrubo, tìte ta apotelèsmata belti¸nontai stajer ìso auxnoume
ta diajèsima dedomèna. ParathroÔme mlista ìti uprqei mia tsh sÔgklish
twn apotelesmtwn me kai qwr jìrubo ìso auxnetai o arijmì twn shmewn
ekpomp /mètrhsh. Ja epanèrjoume se aut  thn parat rhsh sthn enìthta
twn sumperasmtwn, sto tèlo toÔ kefalaou.
H deÔterh parat rhsh, h opoa isqÔei gia ìla ta apotelèsmata, enai h
shmantikìtath suneisfor t  kanonikopohsh sthn poiìthta t  anakata-
skeu .
Exetzonta ti anakataskeuè me th megalÔterh isqÔ jorÔbou, SNR =
30dB, parnoume ikanopoihtik apotelèsmata gia NM ≥ 21, anexart tw ka-
nonikopohsh. Parousizoume ta profl anakataskeu  gia NM = 13 kai
4
Gia lìgou pou sqetzontai me ton algìrijmo t  mejìdou apeikìnish, o arijmì twn
shmewn ekpomp  kai mètrhsh enai perittì kai h metaxÔ tou apìstash enai akèraio
pollaplsio toÔ megèjou twn kuyel¸n, dhlad  ∆M = p∆x.
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Sq ma 3.2: Apotelèsmata anakataskeu  me kanonikopohsh (m.k.) kai
qwr (q.k.), sunart sei toÔ phlkou s mato pro jìrubo. Profl gia ana-
kataskeu  me kanonikopohsh, SNR = 20dB (pnw), SNR = 90dB (ktw).
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NM = 21. Qwr kanonikopohsh (Sq ma 3.3), h anakataskeu  t  dihle-
ktrik  stajer belti¸netai kaj¸ auxnoume to NM , en¸ ekenh t  a-
gwgimìthta mènei stajer . Gia thn antstoiqh metabol  me kanonikopohsh
(Sq ma 3.4), h dihlektrik  stajer t  gwniak  kuyèlh sthn ktw pleur
toÔ antikeimènou qnei se poiìthta, all sunolik ìlo to antikemeno anaka-
taskeuzetai swst, en¸ h agwgimìthta belti¸netai aisjht.
JewroÔme bèltisth tim  NM = 21 (h tim  aut  antistoiqe se ∆M =
3∆x = 7.5 cm). Gia mikrìtera NM , ta apotelèsmata den enai ikanopoihtik.
Apì thn lh pleur, an aux soume to NM pèra apì aut  thn tim , h beltwsh
sthn anakataskeu  de dikaiologe thn aÔxhsh sto qrìno upologismoÔ: me
kanonikopohsh, qreizontai 18min gia NM = 21 kai 34min gia NM = 31.
5
Omda apotelesmtwn 2 Mikranoume to m ko t  gramm  mètrh-
sh, LM = 1m, kai metablloume to pl jo twn shmewn ekpomp /mètrh-
sh. QrhsimopoioÔme NF = 5 suqnìthte sthn perioq  0.3− 1.3GHz (Sq -
ma 3.5 selda 41 qwr kanonikopohsh, Sq ma 3.6 selda 42 me kanonikopo-
hsh).
S aut  thn perptwsh, ta kalÔtera apotelèsmata parousa jorÔbou enai
gia NM ≥ 21. Parousizoume sugkritik ta apotelèsmata gia NM = 21 kai
NM = 41 me SNR = 30dB. Blèpoume ìti h diafor enai mikr , kai sgoura
de dikaiologe thn aÔxhsh sto qrìno upologismoÔ, apì 18min gia NM = 21
se 58min gia NM = 41 kai qr sh kanonikopohsh.
Sugkrnonta ta dÔo m kh t  gramm  mètrhsh gia ton dio arijmì shme-
wn, sumperanoume ìti upertere h megalÔterh gramm . Autì exhgetai apì to
gegonì ìti h mètrhsh toÔ skedazìmenou pedou se megalÔterh èktash dnei
perissìterh plhrofora ston algìrijmo anakataskeu . Antstoiqa, ìtan oi
kerae ekpomp  kalÔpoun megalÔterh èktash, h allhlepdrash toÔ pedou
me to skedast  sti difore prospt¸sei perièqei megalÔtero posì plhro-
fora. Uprqei, bèbaia, èna nw ìrio gia to m ko t  gramm  mètrhsh:
oi kerae ekpomp  prèpei na enai arket kont sto q¸ro èreuna ¸ste to
prosppton pedo na allhlepidr me ta antikemena. Kat ton dio trìpo, an
ta shmea mètrhsh enai polÔ apomakrusmèna, to metroÔmeno skedazìmeno
pedo ja enai polÔ asjenè kai de ja perièqei plhrofora gia to gnwsto
antikemeno.
Me bsh ti parapnw diapist¸sei, gia to upìloipo toÔ kefalaou qrh-
5
Qrhsimopoi jhke stajmì ergasa Hewlett-Packard Visualize B2000, me epexergast 
RISC PA-8500 400MHz. To posì t  apaitoÔmenh fusik  mn mh enai 50MB.
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simopoioÔme:
LM = 1.5m
NM = 21.
3.6 Melèth arijmoÔ suqnot twn
Omda apotelesmtwn 3 Epilègoume olìklhrh th diajèsimh perioq 
suqnot twn, 0.3 − 1.3GHz, kai metablloume to pl jo NF twn qrhsimo-
poioÔmenwn suqnot twn mèsa sthn perioq  aut  (Sq ma 3.7 selda 43 qwr
kanonikopohsh, Sq ma 3.8 selda 44 me kanonikopohsh).
Gia anakataskeu  qwr kanonikopohsh kai lìgo s mato pro jìrubo
30 dB, èqoume ta kalÔtera apotelèsmata sthn agwgimìthta gia NF = 21, 11
kai 5 suqnìthte. Parousizoume sugkritik ta profl gia NF = 5, 11 (Sq -
ma 3.7) ìpou blèpoume ìti den uprqei ousiastik  diafor. 'Otan qrhsimo-
poioÔme kanonikopohsh, ta apotelèsmata gia th dihlektrik  stajer enai
polÔ kal, anexart tw apì ton arijmì twn suqnot twn. H bèltisth tim 
gia thn anakataskeu  t  agwgimìthta enai NF = 6, me qrìno upologismoÔ
20min. Peretarw aÔxhsh toÔ arijmoÔ suqnot twn apaite qrìnou 40min
(NF = 11) kai 80min (NF = 21). ParathroÔme ìti gia ti qamhlìtere
stjme jorÔbou ta apotelèsmata metabllontai lgo se sqèsh me ton a-
rijmì suqnot twn, me ti lgìtere suqnìthte na dnoun elafr¸ kalÔtere
anakataskeuè.
Apì ta parapnw prokÔptei ìti èqoume ikanopoihtik  poiìthta anakata-
skeu  gia NF = 5. Gia NF = 3 parnoume arket kal apotelèsmata sto
misì sqedìn qrìno, en¸ gia NF = 6 belti¸noume thn anakataskeu  me mikr 
aÔxhsh toÔ qrìnou upologismoÔ.
3.7 Melèth perioq  suqnot twn
Omda apotelesmtwn 4 Epilègoume thn kat¸terh suqnìthta fmin =
0.3GHz. QrhsimopoioÔme NF = 3 suqnìthte kai metablloume thn an¸terh
suqnìthta fmax (Sq ma 3.9 selda 45 qwr kanonikopohsh, Sq ma 3.10
selda 46 me kanonikopohsh).
Anexart tw kanonikopohsh kai jorÔbou, h aÔxhsh toÔ eÔrou z¸nh
suqnot twn odhge genik se kalÔtera apotelèsmata. ParathroÔme ìti gia
thn perioq  0.3 − 0.7GHz, h kanonikopohsh de belti¸nei kajìlou thn ana-
kataskeu  t  agwgimìthta.
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Sq ma 3.3: Omda apotelesmtwn 1. Metabol  toÔ arijmoÔ twn shme-
wn ekpomp /mètrhsh (NM ∈ {3, 5, 7, 11, 13, 21, 31, 61}) gia stajerì m ko
gramm  mètrhsh LM = 1.5m. Apotelèsmata qwr kanonikopohsh. Profl
gia SNR = 30dB, NM = 13 (pnw), NM = 21 (ktw).
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Sq ma 3.4: Omda apotelesmtwn 1. Metabol  toÔ arijmoÔ twn shme-
wn ekpomp /mètrhsh (NM ∈ {3, 5, 7, 11, 13, 21, 31, 61}) gia stajerì m ko
gramm  mètrhsh LM = 1.5m. Apotelèsmata me kanonikopohsh. Profl
gia SNR = 30dB, NM = 13 (pnw), NM = 21 (ktw).
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Sq ma 3.5: Omda apotelesmtwn 2. Metabol  toÔ arijmoÔ twn shme-
wn ekpomp /mètrhsh (NM ∈ {3, 5, 9, 11, 21, 41}) gia stajerì m ko gram-
m  mètrhsh LM = 1m. Apotelèsmata qwr kanonikopohsh. Profl gia
SNR = 30dB, NM = 21 (pnw), NM = 41 (ktw).
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Sq ma 3.6: Omda apotelesmtwn 2. Metabol  toÔ arijmoÔ twn shmewn
ekpomp /mètrhsh (NM ∈ {3, 5, 9, 11, 21, 41}) gia stajerì m ko gramm 
mètrhsh LM = 1m. Apotelèsmata me kanonikopohsh. Profl gia SNR =
30dB, NM = 21 (pnw), NM = 41 (ktw).
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Sq ma 3.7: Omda apotelesmtwn 3. Metabol  toÔ arijmoÔ suqnot twn
(NF ∈ {2, 3, 5, 6, 11, 21}) gia stajer  perioq  suqnot twn 0.3 − 1.3GHz.
Apotelèsmata qwr kanonikopohsh. Profl gia SNR = 30dB, NF = 5
(pnw), NF = 11 (ktw).
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Sq ma 3.8: Omda apotelesmtwn 3. Metabol  toÔ arijmoÔ suqnot twn
(NF ∈ {2, 3, 5, 6, 11, 21}) gia stajer  perioq  suqnot twn 0.3 − 1.3GHz.
Apotelèsmata me kanonikopohsh. Profl gia SNR = 30dB, NF = 5 (pnw),
NF = 11 (ktw).
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Sq ma 3.9: Omda apotelesmtwn 4. Metabol  t  an¸terh suqnìthta
fmax gia stajer  kat¸tath suqnìthta fmin = 0.3GHz kai arijmì suqnot twn
NF = 3. Apotelèsmata qwr kanonikopohsh. Profl gia SNR = 30dB,
fmax = 0.5GHz (pnw), fmax = 1.3GHz (ktw).
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Sq ma 3.10: Omda apotelesmtwn 4. Metabol  t  an¸terh suqnìthta
fmax gia stajer  kat¸tath suqnìthta fmin = 0.3GHz kai arijmì suqnot twn
NF = 3. Apotelèsmata me kanonikopohsh. Profl gia SNR = 30dB, fmax =
0.5GHz (pnw), fmax = 1.3GHz (ktw).
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3.7. Melèth perioq  suqnot twn
Omda apotelesmtwn 5 Epilègoume thn kat¸terh suqnìthta fmin =
0.3GHz. QrhsimopoioÔme NF = 5 suqnìthte kai metablloume thn an¸terh
suqnìthta fmax (Sq ma 3.11 selda 48 qwr kanonikopohsh, Sq ma 3.12
selda 49 me kanonikopohsh).
ParathroÔme thn dia sumperifor me prohgoumènw: anexart tw kano-
nikopohsh kai jorÔbou, ta apotelèsmata belti¸nontai ìso megal¸nei to
eÔro z¸nh.
Gia anakataskeu  qwr jìrubo sthn perioq  0.3 − 0.7GHz, h kanoniko-
pohsh de belti¸nei kajìlou ta apotelèsmata t  agwgimìthta. Blèpoume
ìti uprqoun sugkekrimène suqnìthte oi opoe den allhlepidroÔn epark¸
me to gnwsto antikemeno. Gia th sugkekrimènh perptwsh, prìkeitai gia thn
perioq  gÔrw apì ta 0.7GHz. Autì deqnei thn euaisjhsa t  mejìdou sthn
epilog  twn suqnot twn.
An sugkrnoume shmeo pro shmeo ta apotelèsmata gia NF = 3 kai
NF = 5, èqoume mia melèth toÔ arijmoÔ suqnot twn, ìpw h omda apote-
lesmtwn 3 t  prohgoÔmenh paragrfou, all aut  th for gia difore
z¸ne suqnot twn. Epibebai¸netai to sumpèrasma ìti den uprqei ousiastik 
diafor an aux soume ton arijmì suqnot twn kai krat soume stajerì to eÔ-
ro z¸nh. Anatrèqonta sti timè twn apotelesmtwn, mporoÔme na doÔme
ìti, an kai sta pio poll shmea èqoume kalÔtera apotelèsmata me NF = 5,
h diafor den enai shmantik .
Omda apotelesmtwn 6 Epilègoume to eÔro t  perioq  suqnot -
twn stajerì, fmax − fmin = 0.2GHz ìpw kai ton arijmì twn qrhsimo-
poioÔmenwn suqnot twn, NF = 3. Sar¸noume me autì to parjuro su-
qnot twn thn perioq  0.3 − 1.3GHz, auxnonta thn kentrik  suqnìthta
f0 = 0.5(fmin + fmax) kat 0.1GHz. (Sq ma 3.13 selda 50 qwr kanoniko-
pohsh, Sq ma 3.14 selda 51 me kanonikopohsh).
H poiìthta anakataskeu  genik belti¸netai kaj¸ qrhsimopoioÔme me-
galÔtere suqnìthte, ìmw paramènei qeirìterh apì thn perptwsh anaka-
taskeu  me qr sh kai qamhl¸n suqnot twn (omda apotelesmtwn 4). Epi-
plèon, gia ti anakataskeuè t  agwgimìthta me lìgo s mato pro jìrubo
30 dB, kaj¸ auxnoume th suqnìthta den uprqei sÔgklish twn apotelesm-
twn me ti upìloipe kampÔle. Ta parapnw enai se sumfwna me to w t¸ra
sumpèrasma ìti megalÔtero eÔro z¸nh odhge se kalÔtera apotelèsmata.
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Sq ma 3.11: Omda apotelesmtwn 5. Metabol  t  an¸terh suqnìthta
fmax gia stajer  kat¸tath suqnìthta fmin = 0.3GHz kai arijmì suqnot twn
NF = 5. Apotelèsmata qwr kanonikopohsh. Profl gia SNR = 30dB,
fmax = 0.5GHz (pnw), fmax = 1.3GHz (ktw).
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Sq ma 3.12: Omda apotelesmtwn 5. Metabol  t  an¸terh suqnìthta
fmax gia stajer  kat¸tath suqnìthta fmin = 0.3GHz kai arijmì suqnot twn
NF = 5. Apotelèsmata me kanonikopohsh. Profl gia SNR = 30dB, fmax =
0.5GHz (pnw), fmax = 1.3GHz (ktw).
49
Keflaio 3. Arijmhtik apotelèsmata
0.4 0.6 0.8 1 1.2
0
0.01
0.02
0.03
0.04
0.05
dεr
30 dB
40 dB
∞
f0(GHz)
0.4 0.6 0.8 1 1.2
0
0.1
0.2
0.3
0.4
0.5
dσ
30 dB
40 dB
∞
f0(GHz)
2
4
6
8
2 4 6 8
0
0.5
1
1.5
2
2.5
3
x
y
εr
2
4
6
8
2 4 6 8
0
0.002
0.004
0.006
0.008
x
y
σ (S/m)
2
4
6
8
2 4 6 8
0
0.5
1
1.5
2
2.5
3
x
y
εr
2
4
6
8
2 4 6 8
0
0.002
0.004
0.006
0.008
x
y
σ (S/m)
Sq ma 3.13: Omda apotelesmtwn 6. Metabol  t  kentrik  suqnìthta
f0 gia stajerì eÔro z¸nh fmax − fmin = 0.2GHz kai arijmì suqnot twn
NF = 3. Apotelèsmata qwr kanonikopohsh. Profl gia SNR = 30dB,
f0 = 0.4GHz (pnw), f0 = 1.2GHz (ktw).
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Sq ma 3.14: Omda apotelesmtwn 6. Metabol  t  kentrik  suqnìthta
f0 gia stajerì eÔro z¸nh fmax − fmin = 0.2GHz kai arijmì suqnot twn
NF = 3. Apotelèsmata me kanonikopohsh. Profl gia SNR = 30dB, f0 =
0.4GHz (pnw), f0 = 1.2GHz (ktw).
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3.8 Teqnikè metallag  suqnìthta
Edame sthn omda apotelesmtwn 6 ìti h qr sh apokleistik uyhl¸n su-
qnot twn odhge se kal apotelèsmata, kurw gia th dihlektrik  stajer.
Ta apotelèsmata aut usteroÔn ìmw se sqèsh me ekena pou prokÔptoun
an qrhsimopoi soume ìlh th diajèsimh z¸nh. Apì thn llh pleur, h qr -
sh apokleistik qamhl¸n suqnot twn de dnei ikanopoihtik apotelèsmata.
Sumperanoume loipìn ìti qreizetai èna sunduasmì qamhl¸n kai uyhl¸n
suqnot twn.
Basismènoi sta sumpersmata twn Chew and Lin (1995) kai sta ekte-
tamèna arijmhtik peirmata toÔ Ferraye´ (2002) gia monosuqnotikè anaka-
taskeuè, protenoume ed¸ mia teqnik  metallag  pollapl¸n suqnot twn
(multifrequency hopping). H idèa ègkeitai sth diadoqik  eplush toÔ diou
antstrofou probl mato, me diark¸ uyhlìtere suqnìthte, ìpou to apo-
tèlesma mia eplush apotele shmeo ekknhsh gia thn epìmenh. Parou-
sizoume duo sugkekrimènou trìpou epilog  suqnot twn, me bsh ti dÔo
teleutae omde apotelesmtwn.
Omda apotelesmtwn 7 Epilègoume thn kat¸terh suqnìthta fmin =
0.3GHz. QrhsimopoioÔme NF = 3 suqnìthte kai auxnoume thn an¸terh
suqnìthta fmax apì 0.5GHz w 1.3GHz me b ma 0.2GHz. Ta apotelèsmata
kje anakataskeu  qrhsimopoioÔntai w arqik  ektmhsh gia thn epìmenh.
Gia th qamhlìterh perioq  suqnot twn, jewroÔme mhdenik  arqik  ektmh-
sh (Sq ma 3.15 selda 53 qwr kanonikopohsh, Sq ma 3.16 selda 54 me
kanonikopohsh). Prìkeitai gia epèktash t  Omda apotelesmtwn 4 sthn
perptwsh metallag  suqnot twn.
Omda apotelesmtwn 8 Epilègoume to eÔro t  perioq  suqnot -
twn stajerì, fmax − fmin = 0.2GHz ìpw kai ton arijmì twn qrhsimo-
poioÔmenwn suqnot twn, NF = 3. Sar¸noume me autì to parjuro su-
qnot twn thn perioq  0.3 − 1.3GHz, auxnonta thn kentrik  suqnìthta
f0 = 0.5(fmin + fmax) kat 0.1GHz. Ta apotelèsmata kje anakataskeu 
qrhsimopoioÔntai w arqik  ektmhsh gia thn epìmenh. Gia th qamhlìte-
rh perioq  suqnot twn, jewroÔme mhdenik  arqik  ektmhsh (Sq ma 3.17
selda 56 qwr kanonikopohsh, Sq ma 3.18 selda 57 me kanonikopohsh).
Prìkeitai gia epèktash t  Omda apotelesmtwn 6 sthn perptwsh metal-
lag  suqnot twn.
Sugkrnoume ti omde apotelesmtwn me metallag  suqnìthta me ti
antstoiqe qwr metallag  (thn 7 me thn 4 kai thn 8 me thn 6). Gia ana-
kataskeu  me metallag  suqnìthta qwr kanonikopohsh, den parathroÔme
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Sq ma 3.15: Omda apotelesmtwn 7. Metabol  t  an¸terh suqnìthta
fmax gia stajer  kat¸tath suqnìthta fmin = 0.3GHz, arijmì suqnot twn
NF = 3 kai metallag  suqnìthta. Apotelèsmata qwr kanonikopohsh.
Profl gia SNR = 30dB, fmax = 0.5GHz (pnw), fmax = 1.3GHz (ktw).
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Sq ma 3.16: Omda apotelesmtwn 7. Metabol  t  an¸terh suqnìthta
fmax gia stajer  kat¸tath suqnìthta fmin = 0.3GHz, arijmì suqnot twn
NF = 3 kai metallag  suqnìthta. Apotelèsmata me kanonikopohsh. Pro-
fl gia SNR = 30dB, fmax = 0.5GHz (pnw), fmax = 1.3GHz (ktw).
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3.9. Sumpersmata
beltwsh twn telik¸n apotelesmtwn, dhlad  twn apotelesmtwn pou qrhsi-
mopoioÔn ti uyhlìtere suqnìthte. Gia ti endimese peript¸sei, blèpoume
ìti to sflma mei¸netai monotonik gia thn perptwsh qwr jìrubo kai den
parousizei plèon diakumnsei. Gia stjmh jorÔbou SNR = 30dB, h poiì-
thta twn anakataskeu¸n pou parousizoume ed¸ ephrezetai arnhtik apì th
qr sh metallag  suqnìthta.
'Otan qrhsimopoioÔme kanonikopohsh, h metallag  suqnìthta èqei p-
nta arnhtik  epdrash sta apotelèsmata. Autì ofeletai sto gegonì ìti h
anakataskeu  se qamhlìterh suqnìthta dnei mia lÔsh  dh qwrismènh se o-
moiogene z¸ne me asunèqeie. Sth sunèqeia, h kanonikopohsh den epitrèpei
se autè ti z¸ne na allxoun morf , me apotèlesma ta ljh pou prokÔptoun
apì thn arqik  eplush toÔ probl mato na paramènoun kai sti uyhlìtere
suqnìthte.
3.9 Sumpersmata
Parousisame dÔo epektsei t  mejìdou mikrokumatik  apeikìnish toÔ
prohgoÔmenou kefalaou. Me ti belti¸sei autè, h diadikasa anakataskeu-
  parnei upìyh to pragmatikì aktinoboloÔmeno kontinì pedo twn kerai¸n
kai o metrhtikì jìrubo montelopoietai katllhla. Sth sunèqeia parajè-
same mia seir apotelesmtwn anakataskeu  mia mh omogenoÔ perioq  toÔ
q¸rou, basismènoi se sunjetik dedomèna skèdash.
Dexame ìti o algìrijmo anakataskeu  qreizetai mia bèltisth posìthta
plhrofora sqetik me to gnwsto antikemeno. H plhrofora aut  parèqe-
tai apì to skedazìmeno pedo, me th qr sh pollapl¸n suqnot twn, shmewn
ekpomp  kai shmewn mètrhsh. Gia thn perptwsh dedomènwn skèdash qwr
jìrubo, h aÔxhsh t  diajèsimh plhrofora den odhge pnta se kalÔtera
apotelèsmata. 'Otan ìmw prosteje jìrubo, o algìrijmo sumperifèretai
kalÔtera kaj¸ auxnoume ton ìgko twn dedomènwn; gia ti peript¸sei pou
exetsthkan ed¸, to nw ìrio tèjhke me bsh ton apaitoÔmeno qrìno upolo-
gismoÔ.
Melet same ta qarakthristik t  gramm  mètrhsh kai dexame ìti prè-
pei na èqei eparkè m ko ¸ste na sullègetai ìlh h diajèsimh plhrofora
gia to skedazìmeno pedo. Uprqei èna bèltisto arijmì shmewn ekpo-
mp /l yh, o opoo gia ta probl mata pou melet same kumanetai gÔrw sto
ekosi, mia tim  pou odhge se logikoÔ qrìnou upologismoÔ. Epsh, autì to
apotèlesma deqnei ìti h mèjodo mpore na qrhsimopoihje se sunduasmì me
to metrhtikì sÔsthma pou anaptÔqjhke sta plasia t  ergasa toÔ Guillan-
ton et al. (2001). (Prìkeitai gia èna sÔsthma basismèno se stoiqeiokeraa,
epektsimo an omde twn okt¸ kerai¸n; olìklhrh h diadikasa mètrhsh
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Sq ma 3.17: Omda apotelesmtwn 8. Metabol  t  kentrik  suqnìthta
f0 gia stajerì eÔro z¸nh fmax−fmin = 0.2GHz, arijmì suqnot twn NF =
3 kai metallag  suqnìthta. Apotelèsmata qwr kanonikopohsh. Profl
gia SNR = 30dB, f0 = 0.4GHz (pnw), f0 = 1.2GHz (ktw).
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Sq ma 3.18: Omda apotelesmtwn 8. Metabol  t  kentrik  suqnìthta
f0 gia stajerì eÔro z¸nh fmax−fmin = 0.2GHz, arijmì suqnot twn NF =
3 kai metallag  suqnìthta. Apotelèsmata me kanonikopohsh. Profl gia
SNR = 30dB, f0 = 0.4GHz (pnw), f0 = 1.2GHz (ktw).
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elègqetai automatopoihmèna apì upologist .)
H sumperifor t  mejìdou w pro to jìrubo deqnei ìti h anakataskeu 
t  dihlektrik  stajer me bsh peiramatik dedomèna enai efikt  akìma
kai se uyhlè stjme jorÔbou. Apì to sÔnolo twn apotelesmtwn prokÔ-
ptei ìti h anakataskeu  t  hlektrik  agwgimìthta, me kai qwr jìrubo,
enai duskolìterh apì ekenh t  dihlektrik  stajer. Gia uyhlè stj-
me jorÔbou, h plhrofora pou parnoume èqei sun jw perissìtero poiotikì
par posotikì qarakt ra.
Apì ta arijmhtik apotelèsmata prokÔptei ìti sthn perptwsh antikeimè-
nwn sto eswterikì dom¸n, h qr sh ma mìno suqnìthta den enai arket  gia
thn anakataskeu : qreizontai perissìtere suqnìthte gia na antepexèrjou-
me sto prìblhma twn periorismènwn dedomènwn skèdash, to opoo prokÔptei
apì thn adunama l yh metr sewn se ìlh thn perioq  gÔrw apì to antike-
meno. 'Omw, dexame ìti den enai aparathto na qrhsimopoi soume meglo
arijmì suqnot twn. Sugkekrimèna, pènte suqnìthte arkoÔn.
H epilog  twn katllhlwn suqnot twn enai shmantik  gia thn poiìthta
twn apotelesmtwn. Qreizetai na sundusoume qamhlè kai uyhlè suqnot -
te ¸ste to skedazìmeno pedo na perièqei ikanopoihtik  posìthta plhrofo-
ra gia to gnwsto antikemeno. Sti qamhlè suqnìthte, to prìblhma èqei
perissìtero grammikì qarakt ra, kaj¸ ta fainìmena pollapl  skèdash
den enai tìso èntona. Sti suqnìthte autè parnoume kurw plhrofora
gia th jèsh toÔ skedast . Epsh, oi suqnìthte autè dieisdÔoun kalÔ-
tera sto ag¸gimo mèso pou perikleei to q¸ro èreuna kai bohjoÔn sthn
anakataskeu  t  agwgimìthta. Apì thn llh pleur, oi uyhlè suqnìth-
te prosfèroun thn aparathth eukrneia sthn anakataskeu . Dexame ìti h
poiìthta t  anakataskeu  belti¸netai ìso auxnoume to eÔro z¸nh, en¸
uprqoun orismène suqnìthte suntonismoÔ kai antisuntonismoÔ, oi opoe
allhlepidroÔn kalÔtera   qeirìtera me to skedast .
Protename mia mèjodo metallag  pollapl¸n suqnot twn kai parousi-
same dÔo trìpou epilog  suqnot twn. Diapist¸same ìti ìtan qrhsimo-
poioÔme kanonikopohsh, h metallag  suqnot twn odhge se qeirìtera apo-
telèsmata. Qwr kanonikopohsh, uprqei mikr  diafor. Apì ta parapnw
blèpoume ìti h metallag  suqnìthta den parousizei endiafèron, me thn pro-
pìjesh ìti gnwrzoume to q¸ro pou perikleei ton gnwsto skedast . Se
antjeth perptwsh, mporoÔme na qrhsimopoi soume arqik qamhlè suqnì-
thte kai megle diastsei kuyel¸n gia na entopsoume tou skedastè.
Sth sunèqeia, qrhsimopoi¸nta uyhlìtere suqnìthte kai mikrìtere kuyè-
le, mporoÔme na periorsoume ti diastsei toÔ upologistikoÔ q¸rou kai na
proume perissìtere plhrofore gia ta antikemena.
Apì ta apotelèsmata toÔ kefalaou prokÔptei ìti h mèjodo elaqistopo-
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hsh sunarthsioeidoÔ mpore na qrhsimopoihje me epituqa se disdistata
probl mata antikeimènwn sto eswterikì dom¸n, me pìlwsh egkrsiou magnh-
tikoÔ pedou. Sto deÔtero mèro t  diatrib , meletoÔme thn epèktash t 
mejìdou sti trei diastsei. Me dedomèno ìti o arijmì twn suqnot twn
pou apaitoÔntai enai mikrì, paramènoume sto pedo twn suqnot twn se ì,ti
afor th mèjodo eplush toÔ hlektromagnhtikoÔ probl mato. Epilègoume
mia mèjodo peperasmènwn diafor¸n sto pedo twn suqnot twn gia na antika-
tast soume th mèjodo twn rop¸n sthn trisdistath perptwsh.
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Mèro II
Melèth epèktash
sti trei diastsei
Keflaio 4
EujÔ prìblhma
Nu˜n tä perblhma th˜ Gh˜ kaÈ  >Exousa
AÊàn  br¸sh th˜ Yuqh˜ kaÈ  pemptousa
To keflaio autì perièqei th majhmatik  perigraf  toÔ eujèo probl ma-
to skèdash, me bsh thn hlektromagnhtik  jewra. Shmeo ekknhsh enai
oi exis¸sei toÔ Maxwell oi opoe dnontai se mia genik  morf . Akolou-
joÔn oi oriakè sunj ke sti diepifneie mèswn me diaforetikè idiìthte
kaj¸ kai sto peiro, kai to keflaio klenei me ti diaforikè exis¸sei pou
perigrfoun to skedazìmeno hlektrikì kai magnhtikì pedo, ìtan èna gnwstì
prosppton kÔma allhlepidr me gnwstè anomoiogèneie toÔ q¸rou. Ta apo-
telèsmata toÔ kefalaou ja qrhsimopoihjoÔn sth sunèqeia gia thn anptuxh
mia mejìdou peperasmènwn diafor¸n sto pedo twn suqnot twn, se dÔo kai
trei diastsei.
4.1 Exis¸sei Maxwell
Ekfrzoume ìle ti qronik metaballìmene posìthte sto pedo twn su-
qnot twn, jewr¸nta qronik  exrthsh t  morf  e+jωt. Gia thn perptwsh
grammik¸n, wmik¸n, anomoiogen¸n kai anisotropik¸n mèswn me diaspor, to
hlektromagnhtikì pedo ikanopoie ti exis¸sei toÔ Maxwell:
∇ · (ε¯ ·E) = ρ (4.1aþ)
∇ · (µ¯ ·H) = τ (4.1bþ)
∇×E = − jω ¯˙µ ·H −M (4.1gþ)
∇×H = jω ¯˙ε ·E + J (4.1dþ)
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ìpou
¯˙µ = µ¯ − j σ¯
∗
ω
¯˙ε = ε¯ − j σ¯
ω
.
kai
E to hlektrikì pedo, se V/m
H to magnhtikì pedo, se A/m
ρ h puknìthta eleÔjerwn hlektrik¸n fortwn, se Cb/m3
τ h puknìthta eleÔjerwn magnhtik¸n fortwn, se Wb/m3
J h puknìthta efarmosmènou hlektrikoÔ reÔmato, se A/m2
M h puknìthta efarmosmènou magnhtikoÔ reÔmato, se V/m2
ε¯ o tanust  t  hlektrik  epidektikìthta, se F/m
µ¯ o tanust  t  magnhtik  diaperatìthta, se H/m
σ¯ o tanust  t  hlektrik  agwgimìthta, se S/m
σ¯∗ o tanust  t  magnhtik  agwgimìthta, se Ω/m.
Oi tanustè deÔterh txh twn exis¸sewn (4.1) enai sunart sei toÔ
q¸rou kai t  suqnìthta, kai anaparstantai apì pnake 3 × 3. JewroÔme
ìti ìloi oi tanustè deÔterh txh enai diag¸nioi. Gia pardeigma, o tanust 
t  hlektrik  epidektikìthta anaparstatai w:
[
ε¯
]
=

εxx 0 00 εyy 0
0 0 εzz

 .
Oi tanustè
¯˙ε kai ¯˙µ perilambnoun thn hlektrik  kai magnhtik  agwgimì-
thta. Sthn eidik  perptwsh omoiogen¸n, isotropik¸n, wmik¸n mèswn, qwr
mhqanismì magnhtik¸n apwlei¸n, mporoÔme na gryoume:
ε¯ = ε0εrI¯3 (4.2aþ)
µ¯ = µ0µrI¯3 (4.2bþ)
¯˙ε = ε0
(
εr − j σ
ε0ω
)
I¯3 (4.2gþ)
¯˙µ = µ0µrI¯3 (4.2dþ)
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ìpou
ε0 = 8.854 10
−12 F/m h hlektrik  epidektikìthta toÔ kenoÔ
µ0 = 4π 10
−7 H/m h magnhtik  diaperatìthta toÔ kenoÔ
εr h sqetik  hlektrik  epidektikìthta toÔ mèsou (adistath)
µr h sqetik  magnhtik  diaperatìthta toÔ mèsou (adistath)
σ h agwgimìthta toÔ mèsou, se S/m
I¯3 o monadiao tanust  deÔterh txh.
4.2 Oriakè sunj ke
Sti diaqwristikè epifneie metaxÔ mèswn me diaforetikè hlektroma-
gnhtikè idiìthte, ta dianusmatik peda E kai H den enai aparathta su-
neqe sunart sei toÔ q¸rou. JewroÔme mia diaqwristik  epifneia metaxÔ
toÔ mèsou 1 kai toÔ mèsou 2. Sumbolzoume me nˆ to monadiao dinusma me
dieÔjunsh kjeth sthn epifneia kai for apì to mèso 1 sto 2, kai me Ei,Hi
(i = 1, 2) ta peda sta dÔo mèsa. JewroÔme epsh ìti den uprqoun efarmo-
smèna epifaneiak forta kai reÔmata metaxÔ twn dÔo mèswn. Diakrnoume dÔo
peript¸sei, anloga me to an kpoio apì ta dÔo mèsa enai tèleio agwgì  
ìqi, kai èqoume ti paraktw sqèsei (Balanis, 1989).
Mèsa peperasmènh agwgimìthta
An kai ta dÔo mèsa enai dihlektrik me peperasmènh agwgimìthta, tìte:
nˆ× (E2 −E1) = 0 (4.3aþ)
nˆ× (H2 −H1) = 0 (4.3bþ)
nˆ · (ε¯2 ·E2 − ε¯1 ·E1) = 0 (4.3gþ)
nˆ · (µ¯2 ·H2 − µ¯1 ·H1) = 0. (4.3dþ)
Mèsa peirh agwgimìthta
An to mèso 1 enai tèleio hlektrikì agwgì (peirh hlektrik  agwgimì-
thta), tìte E1 = 0, H1 = 0 kai:
nˆ×E2 = 0 (4.4aþ)
nˆ×H2 = Js (4.4bþ)
nˆ · (ε¯2 ·E2) = ρs (4.4gþ)
nˆ · (µ¯2 ·H2) = 0 (4.4dþ)
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ìpou
Js h epifaneiak  puknìthta reÔmato, se A/m
ρs h epifaneiak  puknìthta fortou, se C/m
2.
4.3 Sunj kh aktinobola
An jewr soume ìti ìle oi phgè kai oi anomoiogèneie brskontai se mia
peperasmènh perioq  toÔ q¸rou kont sthn arq  twn suntetagmènwn, tìte
h sunj kh aktinobola toÔ Sommerfeld gia trisdistata probl mata grfe-
tai (Morita et al., 1990):
lim
r→∞ r
(
∂ψ
∂r
+ j kψ
)
= 0 (4.5)
k = ω2ε0µ0εrµr
ìpou
ψ opoiad pote apì ti orjog¸nie sunist¸se toÔ pedou E   H
r h apìstash apì thn arq  twn axìnwn
εr, µr anafèrontai sto mèso pou peribllei ti phgè.
4.4 Exis¸sei skedazìmenou pedou
Sta probl mata skèdash, èna prosppton hlektromagnhtikì pedo allh-
lepidr me ti anomoiogèneie toÔ q¸rou pou apoteloÔn tou skedastè. Ta
epagìmena reÔmata sto eswterikì kai thn epifneia twn skedast¸n dhmiour-
goÔn to skedazìmeno hlektromagnhtikì pedo.
Gia grammik mèsa, mporoÔme na efarmìsoume thn arq  t  upèrjesh
sti exis¸sei toÔ Maxwell: to sunolikì hlektrikì pedo E, to opoo ika-
nopoie ti exis¸sei (4.1), isoÔtai me to jroisma toÔ prospptonto E(i)
kai toÔ skedazìmenou E(s) hlektrikoÔ pedou. Antstoiqa isqÔoun kai gia to
magnhtikì pedo H:
E = E(i) +E(s) (4.6aþ)
H =H(i) +H(s). (4.6bþ)
Shmei¸netai ìti autì o diaqwrismì toÔ olikoÔ pedou isqÔei me thn pro-
pìjesh ìti to skedazìmeno pedo den ephrezei to prosppton.
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To prosppton hlektromagnhtikì pedo pargetai apì ti phgè fortwn
ρ(i), τ (i), ti efarmosmène reumatikè katanomè J(i),M (i) kai anaptÔssetai
sto q¸ro me hlektromaghntikè idiìthte ε¯(b), µ¯(b), σ¯(b), σ¯
∗
(b), ton opoo
onomzoume q¸ro upobjrou (apì ton antstoiqo agglikì ìro background
medium).
MporoÔme na orsoume thn hlektrik  kai magnhtik  antjesh (contrast)
twn dÔo mèswn w:
¯˙c(e) = c¯(ε) − j
c¯(σ)
ω
, ¯˙ε − ¯˙ε(b) =
(
ε¯ − ε¯(b)
)
− j
σ¯ − σ¯(b)
ω
(4.7aþ)
¯˙c(m) = c¯(µ) − j
c¯(σ∗)
ω
, ¯˙µ − ¯˙µ(b) =
(
µ¯ − µ¯(b)
)
− j
σ¯∗ − σ¯∗(b)
ω
. (4.7bþ)
Oi exis¸sei (4.1) gia ta peda E(i) kai H(i) parnoun th morf :
∇ · (ε¯(b) ·E(i)) = ρ(i) (4.8aþ)
∇ · (µ¯(b) ·H(i)) = τ (i) (4.8bþ)
∇×E(i) = − jω ¯˙µ(b) ·H(i) −M (i) (4.8gþ)
∇×H(i) = jω ¯˙ε(b) ·E(i) + J(i). (4.8dþ)
AfairoÔme ti (4.8) apì ti (4.1) qrhsimopoi¸nta kai ti (4.6). M autìn
ton trìpo prokÔptoun oi paraktw exis¸sei gia ta skedazìmena peda E(s)
kai H(s):
∇ · (ε¯ ·E(s)) = −∇ ·
{
(ε¯ − ε¯(b)) ·E(i)
}
+ (ρ− ρ(i)) (4.9aþ)
∇ · (µ¯ ·H(s)) = −∇ ·
{
(µ¯ − µ¯(b)) ·H(i)
}
+ (τ − τ (i)) (4.9bþ)
∇×E(s) = − jω ¯˙µ ·H(s) − jω( ¯˙µ − ¯˙µ(b)) ·H(i) − (M −M (i))
(4.9gþ)
∇×H(s) = jω ¯˙ε ·E(s) + jω(¯˙ε − ¯˙ε(b)) ·E(i) + (J − J(i)). (4.9dþ)
ParathroÔme ìti oi pr¸toi ìroi sto dex mèlo twn exis¸sewn (4.9aþ)
kai (4.9bþ) enai mh mhdeniko mìno sti perioqè toÔ q¸rou ìpou to mèso dia-
fèrei apì to upìbajro, dhlad  eke ìpou uprqoun skedastè. Oi ìroi auto
èqoun diastsei puknìthta hlektrik¸n kai magnhtik¸n fortwn, antstoiqa,
kai prìkeitai gia ta epag¸mena forta pou prokale to prosppton hlektro-
magnhtikì pedo pnw stou skedastè. MporoÔme ètsi na orsoume:
ρ(ind) , −∇ ·
{
(ε¯ − ε¯(b)) ·E(i)
}
= −∇ ·
(
c¯(ε) ·E(i)
)
(4.10aþ)
τ (ind) , −∇ ·
{
(µ¯ − µ¯(b)) ·H(i)
}
= −∇ ·
(
c¯(µ) ·H(i)
)
. (4.10bþ)
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Keflaio 4. EujÔ prìblhma
Epsh, oi deÔteroi ìroi sti exis¸sei (4.9aþ) kai (4.9bþ) enai mh mhdeniko
mìno sti perioqè ìpou h puknìthta hlektrik¸n kai magnhtik¸n fortwn,
antstoiqa, diafèrei apì ekenh h opoa dhmiourge to prosppton pedo. 'Ara
oi ìroi auto perilambnoun mìno ti phgè fortwn pou suneisfèroun sto
skedazìmeno pedo, opìte mporoÔme na gryoume:
ρ(s) , ρ− ρ(i) (4.11aþ)
τ (s) , τ − τ (i). (4.11bþ)
Paromow, oi deÔteroi ìroi sto dex mèlo twn exis¸sewn (4.9gþ) kai
(4.9dþ) orzontai w ta epag¸mena hlektrik kai magnhtik reÔmata pou pro-
kale to prosppton hlektromagnhtikì pedo pnw stou skedastè:
M (ind) , jω( ¯˙µ − ¯˙µ(b)) ·H(i) = jω¯˙c(m) ·H(i) (4.12aþ)
J(ind) , jω(¯˙ε − ¯˙ε(b)) ·E(i) = jω¯˙c(e) ·E(i). (4.12bþ)
Tèlo, oi trtoi ìroi sti exis¸sei (4.9gþ) kai (4.9dþ) perilambnoun mìno
ti efarmosmène phgè magnhtikoÔ kai hlektrikoÔ reÔmato pou suneisfèroun
sto skedazìmeno pedo, opìte mporoÔme na gryoume:
M (s) , M −M (i) (4.13aþ)
J(s) , J − J(i). (4.13bþ)
Oi exis¸sei (4.9) gia to skedazìmeno pedo mporoÔn t¸ra na grafoÔn
sthn pio sumpag  morf :
∇ · (ε¯ ·E(s)) = ρ(ind) + ρ(s) (4.14aþ)
∇ · (µ¯ ·H(s)) = τ (ind) + τ (s) (4.14bþ)
∇×E(s) = − jω ¯˙µ ·H(s) −M (ind) −M (s) (4.14gþ)
∇×H(s) = jω ¯˙ε ·E(s) + J(ind) + J(s). (4.14dþ)
To prosppton hlektromagnhtikì pedo E(i), H(i) kai oi hlektromagnhti-
kè idiìthte toÔ upobjrou enai gnwst megèjh, opìte oi epag¸mene phgè
fortou ρ(ind), τ (ind) kai ta epag¸mena reÔmata J(ind), M (ind) enai epsh
gnwst. Oi exis¸sei (4.14) dnoun tìte to skedazìmeno hlektromagnhtikì
pedo E(s), H(s) se q¸ro me idiìthte ε¯, µ¯, σ¯ , σ¯∗ sthn perptwsh pou  
ektì apì to prosppton kÔma   efarmìzontai phgè fortwn ρ(s), τ (s) kai
reumtwn J(s), M (s). Prìkeitai gia th majhmatik  perigraf  toÔ eujèo
probl mato skèdash.
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4.4. Exis¸sei skedazìmenou pedou
To skedazìmeno pedo ikanopoie th sunj kh aktinobola (4.5) efìson
tìso oi epag¸mene ìso kai oi efarmosmène phgè brskontai se mia pepera-
smènh perioq  toÔ q¸rou. Gia na sumplhrwje h lÔsh toÔ probl mato, to
olikì pedo prèpei na ikanopoie ti oriakè sunj ke t  paragrfou 4.2.
Parat rhsh 4.1 O orismì pou dìjhke gia to q¸ro upobjrou kai ti ph-
gè pou pargoun to prosppton pedo enai genikì kai den periorzetai mìno
sthn perptwsh eppedwn kumtwn ston eleÔjero q¸ro. MporoÔme, gia par-
deigma, na jewr soume w upìbajro èna q¸ro pou perilambnei anomoiogèneie
kai w prosppton pedo to apotèlesma t  allhlepdrash eppedwn kumtwn
me autè. Tìte w skedast  ja jewr soume anomoiogèneie toÔ q¸rou pou
den an koun sto upìbajro, kai to skedazìmeno pedo enai h suneisfor mìno
aut¸n twn skedast¸n sto olikì pedo.
Parat rhsh 4.2 Oi exis¸sei (4.1) parousizoun meglh omoiìthta me
ti (4.14). Oi pr¸te qrhsimopoioÔntai gia kleist probl mata (koilìthte,
kumatodhgo) kaj¸ kai gia probl mata aktinobola; oi deÔtere gia probl -
mata skèdash   mikt probl mata aktinobola kai skèdash. H metbash
apì ti (4.1) sti (4.14) gnetai an jewr soume
E → E(s) H →H(s)
ρ→ ρ(ind) + ρ(s) τ → τ (ind) + τ (s)
J → J(ind) + J(s) M →M (ind) +M (s)
ìpou ta ρ(ind), τ (ind) dnontai apì ti sqèsei (4.10), ta ρ(s), τ (s) apì ti (4.11),
ta J(ind), M (ind) apì ti (4.12) kai ta J(s), M (s) apì ti (4.13).
Me bsh aut  thn antistoiqa, sto ex  ìpou anaferìmaste sti exis¸-
sei (4.1) jewroÔme ìti anaferìmaste isodÔnama kai sti (4.14).
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Keflaio 5
Mèjodo peperasmènwn
diafor¸n sto pedo twn
suqnot twn
Nu˜n th˜ Sel nh tä melgqrwma tä nato
AÊàn tä qrusokÔano tou˜ Galaxa selgisma
Sto keflaio autì parousizoume mia arijmhtik  mèjodo eplush twn e-
xis¸sewn (4.1). Prìkeitai gia mia mèjodo peperasmènwn diafor¸n sto pedo
twn suqnot twn h opoa mpore na efarmìzetai tìso se kleist probl mata
(eÔresh rujm¸n se koilìthte kai kumatodhgoÔ) ìso kai se anoiqt (akti-
nobola, skèdash). Met thn perigraf  t  mejìdou asqoloÔmaste me dÔo
eidik jèmata: ti aporrofhtikè oriakè sunj ke gia ton termatismì toÔ
plègmato kai to metasqhmatismì toÔ kontinoÔ se makrinì pedo. H mèjodo
parousizetai tìso gia disdistata probl mata (pìlwsh egkrsia magnhtik 
kai egkrsia hlektrik ) ìso kai gia trisdistata. H majhmatik  perigraf 
pou anaptÔssoume prosfèretai gia enswmtwsh se mia mèjodo mikrokumatik 
apeikìnish, ìpw ekenh toÔ deÔterou kefalaou.
5.1 Apì to suneqè sto diakritì
Sti exis¸sei (4.1), ta E,H enai dianusmatik peda, dhlad  dianÔsmata
pou orzontai gia kje shmeo toÔ q¸rou. Sth mèjodo pou anaptÔssetai ed¸,
o suneq  q¸ro diakritopoietai, kai ta dianÔsmata aut orzontai se sugke-
krimèna mìno shmea. Gia to skopì autì qrhsimopoioÔme to kubikì plègma
toÔ Yee (1966).
Keflaio 5. Mèjodo peperasmènwn diafor¸n
Ex
Ey
Ez
(i, j, k)
(i+ 1, j, k)
(i, j + 1, k)
(i, j, k + 1)
Sq ma 5.1: Stoiqei¸dh kuyèlh (i, j, k) toÔ plègmato.
Sto eswterikì toÔ upologistikoÔ q¸rou jewroÔme èna kubikì plègma. H
stoiqei¸dh kuyèlh toÔ plègmato èqei m ko pleur so me h (Sq ma 5.1).
Oi sunist¸se toÔ hlektrikoÔ pedou orzontai sta kèntra twn akm¸n pou
enai parllhle pro autè. Oi sunist¸se toÔ magnhtikoÔ pedou orzontai
sta kèntra twn pleur¸n pou enai kjete pro autè. O kìmbo me sunte-
tagmène (ih, jh, kh) qarakthrzetai me thn trida (i, j, k). Me thn dia trida
sumbolzoume kai thn kuyèlh pou perikleetai apì tou kìmbou (i, j, k) kai
(i+ 1, j + 1, k + 1).
JewroÔme ìti oi sunist¸se Ei,j,kx , E
i,j,k
y , E
i,j,k
z toÔ hlektrikoÔ kai H
i,j,k
x ,
H i,j,ky , H
i,j,k
z toÔ magnhtikoÔ pedou an koun sthn kuyèlh (i, j, k). Oi sunte-
tagmène twn shmewn ìpou orzontai autè oi sunist¸se perièqontai ston
Pnaka 5.1. Ta hlektrik kai magnhtik reÔmata orzontai sta dia shmea me
ta hlektrik kai magnhtik peda, antstoiqa.
Pnaka 5.1: Suntetagmène pediak¸n sunistws¸n sthn kuyèlh (i, j, k).
x/h y/h z/h
Ei,j,kx i+ 1/2 j k
Ei,j,ky i j + 1/2 k
Ei,j,kz i j k + 1/2
Hi,j,kx i j + 1/2 k + 1/2
Hi,j,ky i+ 1/2 j k + 1/2
Hi,j,kz i+ 1/2 j + 1/2 k
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5.1. Apì to suneqè sto diakritì
Oi hlektromagnhtikè idiìthte toÔ mèsou jewroÔntai stajerè sto esw-
terikì t  kuyèlh. Gia pardeigma, h tim  toÔ tanust  t  hlektrik  epide-
ktikìthta sthn kuyèlh (i, j, k) sumbolzetai me ε¯i,j,k. Antstoiqo sumbolismì
qrhsimopoioÔme gia tou upìloipou tanustè kaj¸ kai gia ti bajmwtè po-
sìthte.
Sto sq ma toÔ Yee, ta peda orzontai se shmea ìpou efptontai geito-
nikè kuyèle: to hlektrikì pedo sthn koin  akm  tessrwn kuyel¸n, to
magnhtikì pedo sthn koin  pleur dÔo kuyel¸n. 'Otan diakritopoioÔntai ìroi
t  morf  ε¯ ·E   µ¯ ·H , de qrhsimopoioÔme mìno ti hlektromagnhtikè para-
mètrou t  kuyèlh ìpou an koun oi sunist¸se toÔ pedou, all parnoume
to mèso ìro twn tim¸n toÔ ε¯   µ¯ sti efaptìmene kuyèle. 'Etsi, gia th
diakritopohsh sthn kuyèlh (i, j, k), den antistoiqoÔme:
εxxEx 9 ε
i,j,k
xx E
i,j,k
x µxxHx 9 µ
i,j,k
xx H
i,j,k
x
εyyEy 9 ε
i,j,k
yy E
i,j,k
y µyyHy 9 µ
i,j,k
yy H
i,j,k
y
εzzEz 9 ε
i,j,k
zz E
i,j,k
z µzzHz 9 µ
i,j,k
zz H
i,j,k
z
all
εxxEx →
〈
εi,j,kxx
〉
Ei,j,kx µxxHx →
〈
µi,j,kxx
〉
H i,j,kx
εyyEy →
〈
εi,j,kyy
〉
Ei,j,ky µyyHy →
〈
µi,j,kyy
〉
H i,j,ky (5.1)
εzzEz →
〈
εi,j,kzz
〉
Ei,j,kz µzzHz →
〈
µi,j,kzz
〉
H i,j,kz
ìpou: 〈
εi,j,kxx
〉
,
1
4
(
εi,j,kxx + ε
i,j−1,k
xx + ε
i,j−1,k−1
xx + ε
i,j,k−1
xx
)
〈
εi,j,kyy
〉
,
1
4
(
εi,j,kyy + ε
i−1,j,k
yy + ε
i−1,j,k−1
yy + ε
i,j,k−1
yy
)
(5.2)〈
εi,j,kzz
〉
,
1
4
(
εi,j,kzz + ε
i−1,j,k
zz + ε
i−1,j−1,k
zz + ε
i,j−1,k
zz
)
kai 〈
µi,j,kxx
〉
,
1
2
(
µi,j,kxx + µ
i−1,j,k
xx
)
〈
µi,j,kyy
〉
,
1
2
(
µi,j,kyy + µ
i,j−1,k
yy
)
(5.3)〈
µi,j,kzz
〉
,
1
2
(
µi,j,kzz + µ
i,j,k−1
zz
)
.
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Keflaio 5. Mèjodo peperasmènwn diafor¸n
Gia bajmwtè posìthte (ìpw h puknìthta fortou), ìpou qreizetai h
diakritopoihmènh tim  ston kìmbo (i, j, k), qrhsimopoioÔme th mèsh tim  sti
okt¸ kuyèle gÔrw apì autìn:〈
ρi,j,k
〉
,
1
8
(ρi,j,k + ρi−1,j,k + ρi−1,j−1,k + ρi,j−1,k
+ ρi,j,k−1 + ρi−1,j,k−1 + ρi−1,j−1,k−1 + ρi,j−1,k−1). (5.4)
Me bsh ta parapnw, mporoÔme na gryoume ti exis¸sei toÔ Maxw-
ell se diakritopoihmènh morf . Oi qwrikè pargwgoi twn exis¸sewn (4.1)
proseggzontai me peperasmène diaforè. H majhmatik  èkfrash gia thn
prosèggish twn parag¸gwn pr¸th txh dnetai sto parrthma Bþ (exswsh
(Bþ.2aþ), selda 119).
H diakritopohsh twn exis¸sewn parousizetai analutik sto parrth-
ma Gþ. H porea pou akoloujetai enai parìmoia me ekenh pou odhge sthn
kumatik  exswsh (Helmholtz) gia to hlektrikì pedo. Upenjumzetai ìti sth
suneq  morf  twn exis¸sewn, parnoume to strobilismì t  exswsh (4.1gþ)
(exswsh Faraday), antikajistoÔme to strobilismì toÔ magnhtikoÔ pedou apì
thn (4.1dþ) (exswsh Maxwell-Ampe`re) kai qrhsimopoioÔme thn (4.1aþ) (exsw-
sh Gauss) ston ìro ìpou emfanzetai h klsh t  apìklish toÔ ε¯ ·E.
Antstoiqa, apì th diakritopohsh t  (4.1gþ) prokÔptoun oi exis¸sei
(Gþ.4) gia ti sunist¸se toÔ magnhtikoÔ pedou sunart sei twn sunistws¸n
toÔ hlektrikoÔ; apì th diakritopohsh th (4.1dþ) prokÔptoun oi (Gþ.10) gia to
hlektrikì pedo sunart sei toÔ magnhtikoÔ. Antikajist¸nta ti pr¸te sti
deÔtere, katal goume sti trei grammikè exis¸sei (Gþ.13). Oi exis¸sei
autè sundèoun kje ma apì ti trei sunist¸se toÔ hlektrikoÔ pedou se
ma kuyèlh, me sunist¸se toÔ hlektrikoÔ pedou sthn dia kai se geitonikè
kuyèle.
1
Oi parapnw exis¸sei prokÔptoun apì tou nìmou Faraday kaiMaxwell-
Ampe`re. To hlektrikì pedo, ìmw, prèpei na ikanopoie kai to nìmo toÔ
Gauss. Se analoga me th suneq  perptwsh, de qrhsimopoioÔme thn apìklish,
∇ ·(ε¯ ·E), all thn klsh t  apìklish, ∇∇ ·(ε¯ ·E). Apì th diakritopohsh
th klsh t  (4.1aþ), prokÔptoun trei epiplèon exis¸sei gia ti sunist¸se
toÔ hlektrikoÔ pedou se mia kuyèlh (Gþ.27).
An prosjèsoume kat mèlh ti (Gþ.13) kai (Gþ.27), katal goume se trei
exis¸sei peperasmènwn diafor¸n.
2
Oi exis¸sei autè ja qrhsimopoihjoÔn
gia thn arijmhtik  eplush kleist¸n kai anoiqt¸n hlektromagnhtik¸n pro-
blhmtwn.
1
Ed¸ anaferìmaste sthn pl rh morf  twn exis¸sewn, gia probl mata tri¸n diastse-
wn. Sto parrthma Gþ parousizontai epsh oi exis¸sei gia disdistata probl mata.
2
H rht  graf  twn exis¸sewn pou prokÔptoun, de ja eqe kammi suneisfor sthn
parousash toÔ jèmato (ektì apì merikè epiplèon selde me majhmatik).
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5.2. Arjmhsh tim¸n diakritopoihmènwn megej¸n
Parat rhsh 5.1 Oi exis¸sei (Gþ.27) den efarmìzontai gia sunist¸se
hlektrikoÔ pedou oi opoe enai eswterikè, efaptomenikè   kjete se tèleio
agwgì. Autì sumbanei giat sth diakritopohsh t  klsh t  apìklish
toÔ hlektrikoÔ pedou, h puknìthta fortwn den perilambnei ta epifaneiak
forta ρs twn oriak¸n sunjhk¸n (4.4).
Parat rhsh 5.2 Oi exis¸sei (5.2), (5.3) kai (5.4) isqÔoun gia ti mèse
timè megej¸n se kuyèle sto eswterikì toÔ plègmato. Gia ti kuyèle pou
brskontai sta ìria toÔ plègmato, oi mèse timè upologzontai profan¸ me
bsh mìno ti uprqouse geitonikè kuyèle.
5.2 Arjmhsh tim¸n diakritopoihmènwn mege-
j¸n
5.2.1 Trisdistata probl mata
QrhsimopoioÔme to pl re kubikì plègma toÔ Yee. O upologistikì q¸-
ro perièqei Nv kuyèle kat th dieÔjunsh v (v = x, y, z). To pl jo twn
gnwstwn sunistws¸n hlektrikoÔ pedou enai N = 3NxNyNz. Me exaresh
ti puknìthte fortwn, gia kje fusikì mègejo toÔ probl mato orzontai
trei timè se kje kuyèlh: gia ta diakritopoihmèna dianusmatik peda, oi
timè autè enai oi trei sunist¸se tou, en¸ gia tou tanustè enai ta
diag¸nia stoiqea. AntistoiqoÔme èna monadikì arijmì l se kje ma apì ti
N = 3NxNyNz timè aut¸n twn megej¸n, en¸ sti N/3 timè twn bajmwt¸n
megej¸n antistoiqoÔme èna monadikì arijmì p. Oi l, p dnontai apì ti sqèsei:
l(w, i, j, k) = w + 3(i − 1) + 3Nx(j − 1) + 3NxNy(k − 1) (5.5aþ)
p(i, j, k) = 1 + (i− 1) +Nx(j − 1) +NxNy(k − 1) (5.5bþ)
ìpou
i=1, . . . , Nx j=1, . . . , Ny k=1, . . . , Nz
w=1, 2, 3 gia th sunist¸sa x, y, z antstoiqa.
Shmei¸netai ìti gia kje kuyèlh (i, j, k), uprqei antistoiqa metaxÔ twn
tri¸n deikt¸n lw(w = 1, 2, 3) gia ta dianusmatik megèjh kai toÔ dekth p gia
ta bajmwt.
MporoÔme t¸ra na gryoume ti N timè toÔ hlektrikoÔ pedou se morf 
dianÔsmato, akolouj¸nta thn parapnw arjmhsh:
e =
(
E1,1,1x︸ ︷︷ ︸
1
E1,1,1y︸ ︷︷ ︸
2
E1,1,1z︸ ︷︷ ︸
3
E2,1,1x︸ ︷︷ ︸
4
· · · E1,2,1x︸ ︷︷ ︸
1+3Nx
· · · E1,1,2x︸ ︷︷ ︸
1+3NxNy
· · · ENx,Ny,Nzz︸ ︷︷ ︸
N
)T
(5.6)
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en¸ me antstoiqo trìpo orzoume ta dianÔsmata h, j, m, ε, µ, σ, σ∗, ε˙, µ˙,
cε, cµ, cσ, cσ∗ , c˙e, c˙m, e
i
, hi ktl.
Gia bajmwt megèjh, ìpw h puknìthta hlektrikoÔ fortou, to dinusma
twn N/3 tim¸n orzetai w:
ρ =
(
ρ1,1,1︸ ︷︷ ︸
1
ρ2,1,1︸ ︷︷ ︸
2
· · · ρ1,2,1︸ ︷︷ ︸
1+Nx
· · · ρ1,1,2︸ ︷︷ ︸
1+NxNy
· · · ρNx,Ny,Nz︸ ︷︷ ︸
N/3
)T
. (5.7)
5.2.2 Disdistata probl mata
Oi idiìthte toÔ mèsou, kaj¸ kai ta peda, paramènoun anallowta se
metatìpish w pro ton xona z. Ta diakritopoihmèna megèjh paramènoun
stajer gia kje tim  toÔ nw dekth k. Autì aplopoie ti dÔo pr¸te
exis¸sei apì ti (5.2), thn trth apì ti (5.3) kai thn (5.4).
QrhsimopoioÔme eppedo tetragwnikì plègma me dÔo mìno nw dekte i, j
gia ta diakritopoihmèna megèjh. To plègma toÔ upologistikoÔ q¸rou perièqei
Nv kuyèle kat th dieÔjunsh v (v = x, y). Anloga me thn pìlwsh, kje
fusikì mègejo èqei ma   dÔo timè se kje kuyèlh. Gia ta megèjh me dÔo
timè an kuyèlh, qrhsimopoioÔme thn arjmhsh me bsh to dekth l, en¸ gia
ta upìloipa megèjh, to dekth p.
Oi dekte l, p dnontai apì ti sqèsei:
l(w, i, j, k) = w + 2(i− 1) + 2Nx(j − 1) (5.8aþ)
p(i, j, k) = 1 + (i− 1) +Nx(j − 1) (5.8bþ)
ìpou
i=1, . . . , Nx j=1, . . . , Ny
w=1, 2 gia th sunist¸sa x, y antstoiqa.
Oi tanustè hlektromagnhtik¸n paramètrwn toÔ mèsou anaparstantai p-
nta me diag¸niou pnake 3 × 3. 'Omw, mìno oi timè pou antistoiqoÔn sti
mh mhdenikè sunist¸se toÔ hlektrikoÔ kai magnhtikoÔ pedou ephrezoun to
prìblhma. 'Etsi, anloga me thn pìlwsh, to dinusma tim¸n twn tanust¸n
perièqei mìno ti antstoiqe timè t  diagwnou.
Gia bajmwt megèjh, ìpw h puknìthta hlektrikoÔ fortou, to dinusma
twn NxNy tim¸n orzetai w:
ρ =
(
ρ1,1︸︷︷︸
1
ρ2,1︸︷︷︸
2
· · · ρ1,2︸︷︷︸
1+Nx
· · · ρNx,Ny︸ ︷︷ ︸
NxNy
)T
. (5.9)
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Egkrsia polwmèno magnhtikì (transverse magnetic, TM) pe-
do To magnhtikì pedo enai egkrsio ston xona z kai to hlektrikì pedo
enai parllhlo s autìn. Oi mh mhdenikè snist¸se twn pedwn, Ez,Hx,Hy,
orzontai sto dio eppedo (Pnaka 5.1), en¸ Ex = Ey = 0,Hz = 0. To
pl jo twn gnwstwn sunistws¸n hlektrikoÔ pedou enai N = NxNy. Oi
sunist¸se autè arijmoÔntai me bsh to dekth p:
e =
(
E1,1z︸︷︷︸
1
E2,1z︸︷︷︸
2
· · · E1,2z︸︷︷︸
1+Nx
· · · ENx,Nyz︸ ︷︷ ︸
N
)T
(5.10)
kai antstoiqa gia ta dianÔsmata j, ei kai ε, σ, ε˙, cε, cσ, c˙e.
Oi 2NxNy timè toÔ magnhtikoÔ pedou grfontai se morf  dianÔsmato
qrhsimopoi¸nta thn arjmhsh me bsh to dekth l:
h =
(
H1,1x︸︷︷︸
1
H1,1y︸︷︷︸
2
H2,1x︸︷︷︸
3
· · · H1,2x︸︷︷︸
1+2Nx
· · · HNx,Nyy︸ ︷︷ ︸
2N
)T
(5.11)
kai antstoiqa gia ta dianÔsmata m, hi kai µ, σ∗, µ˙, cµ, cσ∗ , c˙m.
Egkrsia polwmèno hlektrikì (transverse electric, TE) ped-
o To hlektrikì pedo enai egkrsio ston xona z kai to magnhtikì pedo
enai parllhlo s autìn. Oi mh mhdenikè snist¸se twn pedwn, Ex, Ey,Hz,
orzontai sto dio eppedo (Pnaka 5.1) en¸ Ez = 0,Hx = Hy = 0. To
pl jo twn gnwstwn sunistws¸n hlektrikoÔ pedou enai N = 2NxNy. Oi
sunist¸se autè arijmoÔntai me bsh to dekth l:
e =
(
E1,1x︸︷︷︸
1
E1,1y︸︷︷︸
2
E2,1x︸︷︷︸
3
· · · E1,2x︸︷︷︸
1+2Nx
· · · ENx,Nyy︸ ︷︷ ︸
N
)T
(5.12)
kai antstoiqa gia ta dianÔsmata j, ei kai ε, σ, ε˙, cε, cσ, c˙e.
Oi NxNy timè toÔ magnhtikoÔ pedou grfontai se morf  dianÔsmato
qrhsimopoi¸nta thn arjmhsh me bsh to dekth p:
h =
(
H1,1z︸︷︷︸
1
H2,1z︸︷︷︸
2
· · · H1,2z︸︷︷︸
1+Nx
· · · HNx,Nyz︸ ︷︷ ︸
N/2
)T
(5.13)
kai antstoiqa gia ta dianÔsmata m, hi kai µ, σ∗, µ˙, cµ, cσ∗ , c˙m.
5.3 Katstrwsh grammikoÔ sust mato
Oi exis¸sei twn paragrfwn Gþ.3 kai Gþ.5 anafèrontai sti sunist¸se
toÔ hlektrikoÔ pedou se kje kuyèlh. An ti prosjèsoume kat mèlh kai ti
77
Keflaio 5. Mèjodo peperasmènwn diafor¸n
gryoume gia ìle ti kuyèle toÔ plègmato, prokÔptounN grammikè exis¸-
sei me isrijmou agn¸stou. Oi gnwstoi ed¸ enai oi timè toÔ hlektrikoÔ
pedou sto plègma. QrhsimopoioÔme gia ti exis¸sei thn dia arjmhsh me ti
timè toÔ hlektrikoÔ pedou kai katal goume se èna grammikì sÔsthma t 
morf 
Ax = b (5.14)
ìpou to dinusma x perièqei ti N timè toÔ (olikoÔ   skedazìmenou) hlektri-
koÔ pedou.
O pnaka A enai diastsewn N × N arai  morf . Gia disdistata
probl mata me pìlwsh TM, o pnaka èqei pènte mh mhdenik stoiqea an
gramm ; gia pìlwsh TE enni, kai sthn trisdistath morf  dekapènte. Gia
na proume mia leptomer  eikìna t  dom  toÔ pnaka, prèpei na gryoume
se morf  pinkwn ìle ti sqèsei toÔ parart mato Gþ. Autì gnetai sto
parrthma Dþ, ìpou parousizetai analutik h katstrwsh toÔ grammikoÔ
sust mato gia th mèjodo peperasmènwn diafor¸n.
ApodeiknÔoume ìti h diakritopoihmènh morf  twn exis¸sewn Faraday kai
Maxwell-Ampe`re mpore na grafe w (exis¸sei (Dþ.12), (Dþ.17), selda 138):
Aee = − jωdiag(〈µ˙〉)h−m (5.15)
Ae
Th = jωdiag(〈ε˙〉)e+ j (5.16)
ìpou o pnaka Ae orzetai sthn pargrafo Dþ.2 (selda 138) gia th disdista-
th kai trisdistath perptwsh. Apì ti parapnw exis¸sei, me apaloif  toÔ
dianÔsmato twn tim¸n toÔ magnhtikoÔ pedou, prokÔptei h exswsh (Dþ.20)
(selda 141):[
Ae
Tdiag(〈µ˙〉)−1Ae − ω2diag(〈ε˙〉)
]
e = − jωj− AeTdiag(〈µ˙〉)−1m .
(5.17)
ParathroÔme thn omoiìthta t  parapnw exswsh me thn antstoiqh t 
suneqoÔ perptwsh, h opoa dnetai apì thn exswsh (1.3.5a) toÔ biblou
toÔ Chew (1995)3:
∇× ¯˙µ−1 ·∇×E − ω2 ¯˙ε ·E = − jωJ −∇× ¯˙µ−1 ·M . (5.18)
H diakritopoihmènh morf  t  klsh t  apìklish toÔ hlektrikoÔ pedou
grfetai se morf  pinkwn (exswsh (Dþ.21) selda 141):
Agdiag(〈ε〉)e = −Agdiag(〈cε〉)ei − Aρ〈ρ〉 (5.19)
3
Epeid  ed¸ jewroÔme qronik  exrthsh t  morf  e+ jωt en¸ sthn anafor jewretai
e− iωt, antikajistoÔme to i me − j .
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ìpou oi pnake Ag, Aρ orzontai sthn pargrafo Dþ.5 (selda 141) gia dis-
distata kai trisdistata probl mata. O pnaka Ag enai summetrikì.
Prosjètonta kat mèlh ti dÔo teleutae sqèsei èqoume:
[
Ae
Tdiag(〈µ˙〉)−1Ae − ω2diag(〈ε˙〉) + Agdiag(〈ε〉)
]
e =
− ( jωj+ AeTdiag(〈µ˙〉)−1m+ Agdiag(〈cε〉)ei + Aρ〈ρ〉). (5.20)
H parapnw exswsh perigrfei to grammikì sÔsthma t  Mejìdou Pepe-
rasmènwn Diafor¸n sto Pedo twn Suqnot twn. Ta dianÔsmata mèswn tim¸n
mporoÔn na grafoÔn me th bo jeia twn pinkwn mèswn tim¸n, ìpw auto o-
rzontai sthn pargrafo Dþ.1. Exetzoume ti dÔo kathgore problhmtwn
ìpou to grammikì sÔsthma parnei pio eidik  morf .
5.3.1 Probl mata kleist  gewmetra kai aktinobol-
a
To dinusma ei sto dex mèlo t  (5.20) enai mhdèn, opìte anaferìmenoi
sth (5.14) mporoÔme na gryoume:
A = Ae
Tdiag(Vmµ˙)
−1Ae + (Ag − ω2I)diag(Veε) + jωdiag(Veσ)
x = e (5.21)
b = −( jωj+ AeTdiag(Vmµ˙)−1m+AρVρρ).
5.3.2 Probl mata skèdash
Ta reÔmata sto dex mèlo t  (5.20) analÔontai se efarmosmèna kai epa-
g¸mena, ìpw anaptÔqjhke sthn pargrafo 4.4. Oi sqèsei (4.12) se morf 
pinkwn dnoun:
jind = jωdiag(Vec˙e)e
i
mind = jωdiag(Vmc˙m)h
i.
To dinusma tim¸n t  puknìthta hlektrik¸n fortwn sto dex mèlo
t  (5.20) afor apokleistik thn puknìthta ρ(s), ìpw aut  orzetai sth
sqèsh (4.11) (selda 68), giat h ρ(ind) èqei lhfje  dh upìyh sth diakrito-
pohsh toÔ nìmou Gauss.
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Me bsh ta parapnw mporoÔme na gryoume:
A = Ae
Tdiag(Vmµ˙)
−1Ae + (Ag − ω2I)diag(Veε) + jωdiag(Veσ)
x = es (5.22)
b = −( jωjs + AeTdiag(Vmµ˙)−1ms + AρVρρs+[
(Ag − ω2I)diag(Vecε) + jωdiag(Vecσ)
]
ei+
jωAe
Tdiag(Vmµ˙)
−1diag(Vmc˙m)hi
)
.
Parat rhsh 5.3 Ta stoiqea toÔ pnaka A enai pragmatik mìno sthn
perptwsh pou o upologistikì q¸ro den parousizei hlektrik    magnhtik 
agwgimìthta. Sthn antjeth perptwsh, ta stoiqea toÔ pnaka enai migadik.
Parat rhsh 5.4 Apì ti sqèsei (5.21), (5.22) kai th summetra toÔ p-
naka Ag, prokÔptei ìti o pnaka A enai summetrikì (ìqi ermitianì), dhlad 
isqÔei Aij = Aji   A
T = A.
5.4 Efarmog  oriak¸n sunjhk¸n
JewroÔme ìti o upologistikì q¸ro perikleetai apì ènan tèleio hlektri-
kì agwgì, o opoo termatzei to plègma. SÔmfwna me ti oriakè sunj ke
(pargrafo 4.2, selda 65), oi sunist¸se toÔ olikoÔ hlektrikoÔ pedou pou
enai efaptomenikè ston agwgì, kaj¸ kai ìle oi sunist¸se pou brskontai
sto eswterikì toÔ agwgou, èqoun mhdenik  tim . Sthn perptwsh problhm-
twn skèdash, mporoÔme na jewr soume ìti to prosppton hlektrikì pedo
enai mhdèn pnw sto fantastikì autì agwgì, opìte oi oriakè sunj ke epi-
blloun sto skedazìmeno pedo na enai epsh mhdenikì eke.
Anloge sunj ke isqÔoun kai sthn perptwsh pou kpoie perioqè toÔ
upologistikoÔ q¸rou katalambnontai apì tèleio hlektrikì agwgì. H diafo-
r enai ìti, gia probl mata skèdash, to skedazìmeno pedo pnw kai mèsa
ston agwgì prèpei na enai antjeto toÔ prospptonto, ètsi ¸ste to olikì
pedo na enai mhdèn.
Gia na ulopoihjoÔn ta parapnw, prèpei na tropopoi soume ton pnaka A
kai to dinusma b toÔ grammikoÔ sust mato (5.14), epibllonta sugkekri-
mène timè (mhdèn   to antjeto toÔ prospptonto hlektrikoÔ pedou) gia
kpoia stoiqea toÔ dianÔsmato x.
H efarmog  t  sqèsh xn = 0 mpore na gnei an mhdensoume ìla ta
mh diag¸nia stoiqea t  gramm  An,∗, jèsoume gia to stoiqeo t  diagw-
nou Ann = 1 kai gia to antstoiqo stoiqeo sto dex mèlo bn = 0. AfoÔ
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to stoiqeo xn isoÔtai me mhdèn, mporoÔme na to apaloyoume apì ti upìloi-
pe exis¸sei toÔ sust mato, mhdenzonta ìla ta mh diag¸nia stoiqea t 
st lh A∗,n. M autìn ton trìpo o pnaka A paramènei summetrikì.
Gia thn efarmog  t  sqèsh xn = −ein mhdenzoume ìla ta mh diag¸nia
stoiqea t  gramm  An,∗, jètoume pli gia to stoiqeo t  diagwnou Ann = 1
kai gia to antstoiqo stoiqeo sto dex mèlo bn = −ein. S aut  thn perptwsh
den mporoÔme na mhdensoume thn antstoiqh st lh toÔ pnaka A, giat to xn
den enai mhdenikì. Autì èqei w apotèlesma o pnaka A na mhn enai plèon
summetrikì.
Se merik probl mata, epijumoÔme na efarmìsoume sugkekrimène timè
se orismène sunist¸se toÔ hlektrikoÔ pedou, ¸ste na dhmiourg soume e-
pijumhtè diaforè dunamikoÔ. An sumbolsoume me v to dinusma tim¸n twn
dunamik¸n, tìte oi efarmog  t  oriak  sunj kh xn = vn gnetai ìpw sthn
prohgoÔmenh pargrafo: mhdenzoume ìla ta mh diag¸nia stoiqea t  gram-
m  An,∗, jètoume gia to stoiqeo t  diagwnou Ann = 1 kai gia to antstoiqo
stoiqeo sto dex mèlo bn = vn. O pnaka A paÔei na enai summetrikì met
apì aut  thn tropopohsh.
Me bsh ta parapnw, to sÔsthma (5.14) grfetai:
A′x = b′ (5.23)
ìpou
A′ = IVMC + IVMCAIC (5.24aþ)
b′ = IVMCb− IVIMei + v. (5.24bþ)
Oi kainoÔrioi pnake pou emfanzontai sti exis¸sei (5.24) orzontai sto
parrthma Eþ. Prìkeitai gia diag¸niou pnake, twn opown ta mh mhdeni-
k stoiqea isoÔntai me th monda. O pollaplasiasmì enì pnaka (  dia-
nÔsmato) apì arister me ènan apì tou parapnw {pnake periorismènh
tautìthta} èqei w apotèlesma to mhdenismì twn gramm¸n (  stoiqewn) pou
antistoiqoÔn se mhdenikè grammè toÔ pnaka periorismènh tautìthta. O
pollaplasiasmì apì dexi me ènan pnaka perirismènh tautìthta èqei w
apotèlesma to mhdenismì twn antstoiqwn sthl¸n.
SÔmfwna me thn Parat rhsh 5.1 (selda 75), h diakritopoihmènh klsh
t  exswsh Gauss den prèpei na efarmoste gia sunist¸se toÔ hlektrikoÔ
pedou pou enai eswterikè, efaptomenikè   kjete se tèleiou agwgoÔ.
Oi mhdenismo pou epibllontai me ti sqèsei (5.24) èqoun w apotèlesma
h diakritopoihmènh klsh na mhn efarmìzetai gia ti sunist¸se pou enai
eswterikè   efaptomenikè se agwgoÔ. Gia th mh efarmog  sti kjete
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sunist¸se, tropopoioÔme xeqwrist tou pnake t  exswsh (5.19):
A′g = IMnCnAg (5.25aþ)
A′ρ = IMnCnAρ (5.25bþ)
ìpou oi pnake ICn , IMn orzontai sto parrthma Eþ. Prìkeitai gia pnake
periorismènh tautìthta oi opooi anafèrontai apokleistik sti sunist¸se
pou enai kjete ston exwterikì agwgì kai stou agwgoÔ toÔ upologisti-
koÔ q¸rou, antstoiqa. Sthn perptwsh pou den uprqoun tèleioi hlektriko
agwgo ston upologistikì q¸ro, isqÔei IMn = I.
Parat rhsh 5.5 O tropopoihmèno pnaka A′g den enai summetrikì, a-
kìma kai sthn perptwsh pou den uprqoun agwgo ston upologistikì q¸ro.
W sunèpeia autoÔ, o pnaka A′ toÔ grammikoÔ sust mato den enai summe-
trikì.
Parat rhsh 5.6 Oi sqèsei (5.24) kai (5.25) epiblloun ti katllhle
oriakè sunj ke tèleiou hlektrikoÔ agwgoÔ. To apotèlesma t  efarmog 
tou enai ìti to grammikì sÔsthma enai plèon sunepè, me thn ènnoia ìti
den emfanzontai poujen sunist¸se hlektrikoÔ pedou ektì plègmato,  
idiìthte kuyel¸n pou den uprqoun. An den efarmostoÔn auto oi mhdeni-
smo, tìte oi exis¸sei toÔ Parart mato Gþ kai, antstoiqa, oi pnake toÔ
Parart mato Dþ, qnoun to nìhm tou kont sta kra toÔ plègmato   se
tèleiou agwgoÔ.
Parat rhsh 5.7 Sto grammikì sÔsthma (5.23) uprqoun gnwstoi twn
opown oi timè enai dedomène apì ti oriakè sunj ke. Oi gnwstoi auto
mporoÔn na apaloifjoÔn apì to grammikì sÔsthma, an tropopoi soume katl-
lhla to dex mèlo. Gia pardeigma, an xn = α, tìte jètoume to dex mèlo so
me b′ − αA′∗,n kai diagrfoume th n-ost  st lh kai gramm  apì ton pna-
ka A′ kaj¸ kai to n-ostì stoiqeo toÔ dianÔsmato b′. M autìn ton trìpo
kataskeuzoume èna sumpuknwmèno (condensed) grammikì sÔsthma, to opoo
perièqei ligìterou agn¸stou.
5.5 Aporrofhtikè oriakè sunj ke
'Ena apì ta basik jèmata se ìle ti peperasmène mejìdou enai o ter-
matismì toÔ plègmato gia anoiqt probl mata (aktinobola/skèdash). H
katllhlh teqnik  prosomoi¸nei ton peirh èktash anoiqtì q¸ro me b-
sh ton peperasmènh èktash upologistikì q¸ro. Mia analutik  parous-
ash twn diafìrwn topik¸n aporrofhtik¸n sunjhk¸n parousizetai sto è-
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bdomo keflaio toÔ biblou toÔ Taflove (1995). Ed¸ qrhsimopoioÔme th mè-
jodo twn Tèleia Prosarmosmènwn Strwmtwn (Perfectly Matched Layers,
pml) (Be´renger, 1994). Mia genik  parousash twn tp brsketai sto pèm-
pto keflaio toÔ Taflove (1998).
Ta tp parousizoun polÔ kalÔtere epidìsei sugkritik me lle oria-
kè aporrofhtikè sunj ke pou eqan anaptuqje prin apì aut (Kantartzis
and Tsiboukis, 1997) kai qrhsimopoioÔntai s mera eurèw gia ton termatismì
toÔ plègmato. 'Eqoun parousiaste se dÔo kurw morfè, qwrismènou kai
mh qwrismènou pedou. H morf  qwrismènou pedou ete eisgei ènan teqnhtì
qwrismì pedwn (Be´renger, 1994, Mittra and Pekel, 1995) ete qrhsimopoie
èna metasqhmatismì twn qwrik¸n suntetagmènwn (Chew and Weedon, 1994)
pou katal gei se tropopoihmène exis¸sei. Sth morf  mh qwrismènou pedou,
ta tp enai anisotropik ulik me katllhla epilegmène paramètrou (Sacks
et al., 1995, Gedney, 1996, Zhao and Cangellaris, 1996). Gia ton termatismì
toÔ plègmato t  mejìdou peperasmènwn diafor¸n epilègoume na qrhsimo-
poi soume ta tp sth morf  anisotropik¸n mèswn.
O ìro {tèleia prosarmog } dhl¸nei ìti sth diaqwristik  epifneia a-
nmesa ston upologistikì q¸ro kai ta tp, o suntelest  anklash enai
jewrhtik so me mhdèn, anexart tw t  suqnìthta kai t  gwna prì-
sptwsh. 'Ena kÔma pou prospptei sta tp, diaddetai sto eswterikì aut¸n
qwr na anaklaste pro ton upologistikì q¸ro.
H idiìthta t  tèleia prosarmog  den enai apì mình th arket  gia na
lÔsei to prìblhma toÔ termatismoÔ toÔ plègmato, afoÔ kai ta tp prèpei
na èqoun peperasmèno pqo. H deÔterh idiìthta twn tp enai ìti proka-
loÔn exasjènish kat mia epijumht  dieÔjunsh, aporrof¸nta to kÔma pou
diaddetai sto eswterikì tou.
Praktik, o upologistikì q¸ro perikleetai apì mia seir tp pepera-
smènou pqou ta opoa termatzontai se ènan tèleio hlektrikì agwgì, ìpw
perigrfhke sthn prohgoÔmenh pargrafo. 'Ena kÔma pou eisèrqetai sta tp
kai diaddetai sto eswterikì tou, anakltai ston tèleio agwgì, diaddetai
kai pli sta tp kai epistrèfei ston upologistikì q¸ro exasjenhmèno, w
anepijÔmhth arijmhtik  anklash. To pqo twn tp kai h aporrìfhsh pou
aut epifèroun kajorzoun thn tim  toÔ suntelest  arijmhtik  anklash.
To pl jo twn strwmtwn pou apaitoÔntai gia ikanopoihtik  aporrìfhsh,
ta qarakthristik twn strwmtwn aut¸n kai o suntelest  anklash pou
prokÔptei èqoun apotelèsei to antikemeno poll¸n dhmosieÔsewn (Be´renger,
1996, Fang and Wu, 1996, Wu and Fang, 1996, Winton and Rappaport,
2000, Juntunen et al., 2001). O basikì stìqo enai na breje mia bèltisth
lÔsh, h opoa na elaqistopoie ti arijmhtikè anaklsei.
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5.5.1 Hlektromagnhtikè idiìthte
Gia èna tp me aporrìfhsh kat m ko toÔ xona x, prosarmosmèno se
mèso me diag¸niou tanustè
¯˙ε, ¯˙µ, oi tanustè t  hlektrik  epidektikìthta
kai t  magnhtik  diaperatìthta parnoun th morf  (Zhao and Cangellaris,
1996, Mitchell et al., 1999):
¯˙εPML =
¯˙ε · Λ¯x (5.26aþ)
¯˙µPML =
¯˙µ · Λ¯x (5.26bþ)
ìpou:
Λ¯x =

1/sx 0 00 sx 0
0 0 sx


(5.27)
kai
sx = κx − j σx
ωε0
, κx ≥ 1, σx ≥ 0. (5.28)
Antstoiqa, gia tp me aporrìfhsh kat m ko twn axìnwn y, z, oi tanu-
stè Λ¯ grfontai:
Λ¯y =

sy 0 00 1/sy 0
0 0 sy

 Λ¯z =

sz 0 00 sz 0
0 0 1/sz

 . (5.29)
Sti perioqè ìpou dÔo   perissìtera tp epikalÔptontai, o tanust 
Λ¯ enai to ginìmeno twn epimèrou tanust¸n twn strwmtwn. 'Etsi, sti
akmè kai ti gwne toÔ upologistikoÔ q¸rou, o tanust  Λ¯ enai to ginìmeno
dÔo kai tri¸n ìrwn, antstoiqa. Sto Sq ma 5.2 parousizetai mia tom  toÔ
epipèdou xz me tou tanustè pou antistoiqoÔn sta difora prosarmosmèna
str¸mata. SÔmfwna me ta parapnw, Λ¯xz = Λ¯x · Λ¯z.
5.5.2 Qarakthristik didosh
JewroÔme thn perptwsh tp prosarmosmènwn se isotropikì, mh magnhti-
kì mèso me
¯˙ε = ε˙I¯3 kai
¯˙µ = µ0I¯3. Sto Sq ma 5.3 parousizetai h tom , sto
eppedo xz, t  diaqwristik  epifneia metaxÔ toÔ upologistikoÔ q¸rou kai
toÔ tp.
'Estw ìti sto tp prospptei èna eppedo kÔma t  morf  e−γ ·r ìpou:
γ = α+ jβ
α = αxxˆ+ αyyˆ + αzzˆ
β = βxxˆ+ βyyˆ + βzzˆ.
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Sq ma 5.3: Diaqwristik  epifneia Tèleiou Prosarmosmènou Str¸mato.
'Opw apodeiknÔetai (Zhao and Cangellaris, 1996), gia ti stajerè di-
dosh sto eswterikì twn tp isqÔei:
γpmlx = sxγx = αxκx + βx
σx
ωε0
+ j
(
βxκx − αx σx
ωε0
)
(5.30aþ)
γpmly = γy (5.30bþ)
γpmlz = γz (5.30gþ)
en¸ h gwna dièleush isoÔtai me th gwna prìsptwsh.
'Opw fanetai apì ti parapnw sqèsei, o rìlo t  agwgimìthta σx
enai na suneisfèrei sto pragmatikì mèro t  stajer didosh γpmlx . H
suneisfor aut  dhmiourge ap¸leie kat th didosh ston xona x, pèra
apì ti ap¸leie pou  dh parousizei to mèso sto opoo enai prosarmosmèno
to tp. H adistath stajer κx auxnei thn aporrìfhsh twn evanescent
kumtwn, pollaplasizonta to αx.
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Parat rhsh 5.8 To fantastikì mèro toÔ γpmlx den enai so me ekeno toÔ
γx. Ta dÔo mèsa den parousizoun thn dia fasik  taqÔthta par mìno ìtan
κx = 1 kai èna apì ta σx   αx enai mhdèn.
5.5.3 Jewrhtikì suntelest  anklash
'Ena kÔma pou eisèrqetai sta tp kai anakltai ston tèleio agwgì, epi-
strèfei ston upologistikì q¸ro afoÔ èqei uposte aporrìfhsh. Orzoume w
jewrhtikì suntelest  anklash to lìgo toÔ kÔmato pou epistrèfei ston
upologistikì q¸ro pro ekeno pou eisèrqetai sta tp. Anaferìmenoi sto
Sq ma 5.3 kai jewr¸nta γ = jk (k = ω
√
µ0ε˙), to mètro toÔ jewrhtikoÔ
suntelest  anklash grfetai:
|R(θ)| =
∣∣∣e− j kpmlx 2d∣∣∣
= e−2{η0ℜ(
√
ε˙r)σx+ω
√
µ0ε0ℑ(
√
ε˙r)} cosθd
(5.31)
ìpou η0 =
√
µ0/ε0 h qarakthristik  empèdhsh toÔ kenoÔ kai ε˙r = εr − j σωε0 .
Shmei¸netai ìti h parapnw èkfrash dnei thn tim  toÔ suntelest  arij-
mhtik¸n anaklsewn twn tp. O ìro {jewrhtikì} qrhsimopoietai diìti o
upologismì ègine me bsh ti suneqe exis¸sei. Sthn prxh, ìpou oi exis¸-
sei enai diakritopoihmène, o suntelest  anklash den èqei thn tim  pou
upologsthke ed¸ (Wu and Fang, 1996).
Sthn perptwsh pou σ ≪ ωε0, èqoume:
|R(0)| = e−2η0
√
εrσxd
(5.32)
 
σxd = − ln |R(0)|
2η0
√
εr
. (5.33)
An h tim  t  agwgimìthta σx metablletai sunart sei toÔ bjou sto
eswterikì toÔ tp, tìte h parapnw sqèsh gnetai:∫ d
0
σx(x
′) dx′ = − ln |R(0)|
2η0
√
εr
. (5.34)
5.5.4 Profl agwgimìthta
SÔmfwna me th sqèsh (5.32), o suntelest  arijmhtik  anklash mei¸-
netai ekjetik ìso auxnetai to ginìmeno σxd. Gia kajar upologistikoÔ
lìgou, to pqo d twn tp den mpore na enai polÔ meglo, giat autì ja o-
dhgoÔse se auxhmènh poluplokìthta toÔ probl mato. Apì thn llh pleur,
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Sq ma 5.4: Pollapl Tèleia Prosarmosmèna Str¸mata.
an qrhsimopoi soume tp me megle timè agwgimìthta, ja uprqoun ane-
pijÔmhte anaklsei sth diaqwristik  epifneia metaxÔ toÔ upologistikoÔ
q¸rou kai tou tp. Autì sumbanei giat h idiìthta t  tèleia prosarmog 
isqÔei mìno gia th suneq  morf  twn exis¸sewn, en¸ sth diakritopoihmènh
morf  uprqoun pnta anaklsei (Wu and Fang, 1996).
Gia to skopì autì, qrhsimopoioÔme mia seir apì Np str¸mata, to kajèna
pqou ìso mia kuyèlh toÔ plègmato. Oi idiìthte twn tp metabllontai
apì str¸ma se str¸ma. Ekena pou brskontai kont sto eswterikì toÔ upo-
logistikoÔ q¸rou èqoun mikr σx, κx ¸ste na mhn parousizoun anaklsei,
en¸ ìso apomakrunìmaste apì to eswterikì oi timè twn σx, κx megal¸noun
¸ste na èqoume isqurìterh apìsbesh. H metabol  twn paramètrwn dnetai
mèsw twn sunart sewn σx(x
′), κx(x′). Se kje tp apoddoume th mèsh tim 
twn sunart sewn pnw sthn antstoiqh kuyèlh (Sq ma 5.4):
σxi =
1
h
∫ ih
(i−1)h
σx(x
′) dx′ (5.35aþ)
κxi =
1
h
∫ ih
(i−1)h
κx(x
′) dx′ (5.35bþ)
ìpou i = 1, . . . , Np.
Parousizoume ti dÔo basikè morfè metabol  twn paramètrwn twn
tp, sunart sei t  apìstash x′ apì th diaqwristik  epifneia metaxÔ toÔ
upologistikoÔ q¸rou kai tou pr¸tou tp (Be´renger, 1996).
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Poluwnumik  metabol : Oi parmetroi σx, κx dnontai apì ti sqèsei:
σx(x
′) = σmax
(
x′
d
)m
(5.36aþ)
κx(x
′) = 1 + (κmax − 1)
(
x′
d
)m
. (5.36bþ)
Tìte, apì ti sqèsei (5.34), (5.35) prokÔptei ìti:
σmax = − ln |R(0)|
2η0
√
εr
m+ 1
Nph
(5.37aþ)
σxi =
σmax
(m+ 1)Nmp
[
im+1 − (i− 1)m+1] (5.37bþ)
κxi = 1 +
κmax − 1
(m+ 1)Nmp
[
im+1 − (i− 1)m+1] . (5.37gþ)
Gewmetrik  metabol : Oi parmetroi σx, κx dnontai apì ti sqèsei:
σx(x
′) = σ0gx
′/h
(5.38aþ)
κx(x
′) = qx
′/h. (5.38bþ)
Tìte, apì ti (5.34), (5.35) prokÔptei ìti:
σ0 =
{− ln |R(0)|2η0√εr lng(gNp−1)h g > 1
− ln |R(0)|2η0√εr 1Nph g = 1
(5.39aþ)
σxi =
{
σ0
lng
(
1− 1g
)
gi g > 1
σ0 g = 1
(5.39bþ)
κxi =
{
1
lnq
(
1− 1q
)
qi q > 1
1 q = 1
. (5.39gþ)
5.6 Metasqhmatismì kontinoÔ se makrinì pe-
do
Se poll hlektromagnhtik probl mata m endiafèrei h lÔsh sto makrinì
pedo. Enai fanerì ìti o upologistikì q¸ro den mpore na ektenetai mèqri
thn perioq  toÔ makrinoÔ pedou, kaj¸ s aut  thn perptwsh oi apait sei se
upologistikoÔ pìrou kai qrìno ja  tan exwpragmatikè. MporoÔme, ìmw,
na periorsoume ton upologistikì q¸ro sthn perioq  toÔ kontinoÔ pedou, na
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upologsoume to pedo eke kai sth sunèqeia, qrhsimopoi¸nta katllhle
teqnikè, na upologsoume to makrinì pedo me bsh to kontinì. DÔo enai oi
basikè teqnikè pou qrhsimopoioÔntai gi autì to skopì.
4
H pr¸th teqnik  baszetai sto je¸rhma isodunama toÔ hlektromagnhti-
smoÔ (Schelkunoff, 1936). Gia ton upologismì kje sunist¸sa toÔ hlektri-
koÔ   magnhtikoÔ makrinoÔ pedou, apaitetai o upologismì kleist¸n epifa-
neiak¸n oloklhrwmtwn toÔ hlektrikoÔ kai magnhtikoÔ kontinoÔ pedou pnw
se mia koin  epifneia. Kaj¸ sto sq ma toÔ Yee to hlektrikì kai magnhtikì
pedo den orzontai sthn dia epifneia, o upologismì twn oloklhrwmtwn
apaite idiaterh prosoq  (Demarest et al., 1996, Martin, 1998).
H deÔterh teqnik  baszetai sto olokl rwma Kirchhoff (Jackson, 1975).
Mia efarmog  th sto pedo toÔ qrìnou parousizetai apì tonRamahi (1997).
Gia ton upologismì mia sunist¸sa toÔ hlektrikoÔ   magnhtikoÔ makrinoÔ
pedou, apaitetai o upologismì enì kleistoÔ epifaneiakoÔ oloklhr¸mato
mìno t  dia sunist¸sa toÔ hlektrikoÔ   magnhtikoÔ kontinoÔ pedou. H
teqnik  aut  enai aploÔsterh kai prosfèretai kalÔtera gia efarmog  se
mejìdou peperasmènwn diafor¸n.
5.6.1 Olokl rwma Kirchhoff
JewroÔme ìti ìle oi phgè kai oi skedastè toÔ probl mato brskontai
sto q¸ro V , o opoo perikleetai apì thn kleist  epifneia S. O q¸ro sto
exwterikì t  epifneia S enai to kenì. Sumbolzoume me ηˆ′ to monadiao
dinusma pou enai kjeto sthn S me kateÔjunsh pro to exwterikì toÔ ì-
gkou V . Gia to pedo twn suqnot twn, shmeo ekknhsh enai to olokl rwma
Kirchhoff, ìpw dnetai apì th sqèsh (9.125) toÔ Jackson (1975)5:
ψ(r) = − 1
4π
∮
S
e− j kR
R
[
∂ψ(r′)
∂η′
−
(
j k +
1
R
)
1
R
ηˆ′ ·Rψ(r′)
]
dα (5.40)
ìpou
ψ opoiad pote apì ti orjog¸nie sunist¸se toÔ pedou E   H
r shmeo parat rhsh, sto makrinì pedo
r′ shmeo pnw sthn S, sto kontinì pedo
4
H pargrafo aut  afor apokleistik trisdistata probl mata.
5
IsqÔei h parat rhsh t  uposhmewsh 3, selda 78.
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kai
R = r − r′
R = |R|
k = ω
√
µ0ε0.
An kai h epilog  t  epifneia S enai aujareth, to orjog¸nio omoiì-
morfo plègma m upagoreÔei na qrhsimopoi soume ènan kÔbo. M autìn ton
trìpo to epifaneiakì olokl rwma proseggzetai apì èxi dipl ajrosmata,
ìpw parousizetai analutik sto parrthma Zþ. H diakritopoihmènh morf 
t  (5.40) dnetai apì thn (Zþ.1) (selda 152).
5.6.2 Arijmhtik  pistopohsh
Exetzoume thn akrbeia toÔ metasqhmatismoÔ kontinoÔ se makrinì pedo
pou anaptÔqjhke parapnw. O èlegqo gnetai me bsh thn aktinobola enì
dipìlou apeirostoÔ m kou.
JewroÔme èna stoiqei¸de dpolo m kou l ≪ λ to opoo brsketai sthn
arq  twn axìnwn, kat m ko toÔ xona z. To reÔma toÔ dipìlou isoÔtai
me J(z) = I0zˆ. Gia èna tètoio dpolo, to aktinoboloÔmeno hlektrikì pedo
dnetai apì ti sqèsei (Balanis, 1997):
Er(r, θ, φ) = η0
I0l cosθ
2πr2
[
1 +
1
j kr
]
e−jkr (5.41aþ)
Eθ(r, θ, φ) = j η0
kI0l sinθ
4πr
[
1 +
1
j kr
− 1
(kr)2
]
e−jkr (5.41bþ)
Eφ(r, θ, φ) = 0. (5.41gþ)
Oi parapnw sqèsei isqÔoun gia ìla ta shmea toÔ q¸rou (kontinì kai
makrinì pedo) ektì apì to shmeo r = 0 ìpou brsketai to dpolo.
Gia na epalhjeÔsoume thn akrbeia toÔ metasqhmatismoÔ kontinoÔ se ma-
krinì pedo, upologzoume pr¸ta to hlektrikì pedo pnw sto plègma toÔ Yee
(kontinì pedo) qrhsimopoi¸nta ti ekfrsei (5.41). Me bsh ti timè autè,
upologzoume to makrinì pedo sÔmfwna me th sqèsh (Zþ.1) (metasqhmatismì
kontinoÔ se makrinì pedo). Sugkrnoume to makrinì pedo pou prokÔptei apì
to metasqhmatismì me to analutikì makrinì pedo, pou prokÔptei apeujea
apì ti (5.41).
To Sq ma 5.5 perilambnei ti trei sunist¸se toÔ metasqhmatismènou
makrinoÔ pedou, se sfairikè suntetagmène, kaj¸ kai th sunist¸sa Eθ toÔ
jewrhtikoÔ pedou. Apì th sÔgkrish exairoÔme ti timè sta shmea θ = 0◦
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Sq ma 5.5: Aktinobola stoiqei¸dou dipìlou sto makrinì pedo: sÔgkrish
analutikoÔ upologismoÔ kai metasqhmatismoÔ kontinoÔ se makrinì pedo. Upo-
logistikì q¸ro: (23, 23, 23) kìmboi. Epifneia Kirchhoff: apì (2, 2, 2) w
(22, 22, 22), m ko pleur 1λ, kentrarismènh.
kai θ = 180◦, ìpou to pedo mhdenzetai. To m ko toÔ dipìlou epilègetai
l = λ/1000 kai to reÔma I0 so me th monda.
Orzoume ta dianÔsmata tim¸n hlektrikoÔ pedou me ton akìloujo trìpo:
eθ =
(
Eθ(r, θ = 5
◦, φ) Eθ(r, θ = 10◦, φ) · · · Eθ(r, θ = 175◦, φ)
)T
en¸ w mètro sÔgkrish qrhsimopoietai to sqetikì sflma:
Rθ =
‖eθ − ethθ‖2
‖ethθ‖2 .
Se ìla ta apotelèsmata pou parousizoume ed¸, h epifneia olokl rw-
sh gia to metasqhmatismì toÔ kontinoÔ se makrinì pedo enai èna kÔbo.
Eidik gia to Sq ma 5.5, o kÔbo Kirchhoff enai kentrarismèno w pro ton
upologistikì q¸ro. Kje pleur tou katalambnei ekosi kuyèle. Kaj¸
to plègma èqei ekosi kuyèle an m ko kÔmato (cells per lambda, cpl), h
pleur toÔ kÔbou èqei m ko 1λ.
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Sq ma 5.6: Akrbeia metasqhmatismoÔ kontinoÔ se makrinì pedo sunart -
sei toÔ m kou d t  pleur toÔ kÔbou Kirchhoff (epifneia kentrarismènh).
Exetzoume thn epdrash pou èqei to mègejo toÔ kÔbou olokl rwsh
sthn akrbeia toÔ metasqhmatismoÔ. Sto Sq ma 5.6 (selda 92) parousizetai
h exrthsh toÔ sflmato Rθ apì to m ko d t  pleur toÔ kÔbou. O kÔbo
paramènei kentrarismèno w pro ton upologistikì q¸ro kai to plègma èqei
N cpl = 20. ParathroÔme ìti gia d ≥ 0.5λ isqÔei Rθ < 10−4, me èna shmantikì
bÔjisma sto d = 0.8λ, ìpou Rθ < 10
−6
.
O kÔbo olokl rwsh mpore na mhn enai kentrarismèno w pro ton
upologistikì q¸ro. Aut  h perptwsh exetzetai sto Sq ma 5.7 (selda 94).
ParathroÔme ìti to sflma paramènei pnta mikrìtero apì 10−4, akìma kai
ìtan o kÔbo (me m ko pleur d = 1λ) èqei metatopiste arketè kuyèle
w pro th jèsh pou eqe sta prohgoÔmena sq mata.
H akrbeia toÔ metasqhmatismoÔ elègqetai epsh kai w pro to mègejo
t  kuyèlh toÔ upologistikoÔ q¸rou. JewroÔme kÔbo Kirchhoff me m ko
pleur d = 1λ, kentrarismèno w pro ton upologistikì q¸ro. H exrthsh
toÔ sflmato Rθ apì ton arijmì kuyel¸n an m ko kÔmato fanetai sto
Sq ma 5.8 (selda 95). 'Opw enai anamenìmeno, h exrthsh enai monìtona
fjnousa, kaj¸ to puknìtero plègma (megalÔtero N cpl) èqei w apotèlesma
thn kalÔterh arijmhtik  prosèggish toÔ oloklhr¸mato (5.40).
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Sumperasmatik, o metasqhmatismì kontinoÔ se makrinì pedo èqei akr-
beia toulqiston t  txh toÔ 10−4 ìtan h epifneia arijmhtik  olokl rw-
sh enai èna kÔbo me m ko pleur toulqiston 0.5λ kai h diakritopohsh
toÔ q¸rou gnetai me kuyèle diastsewn toulqiston λ/20.
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Sq ma 5.7: Akrbeia metasqhmatismoÔ kontinoÔ se makrinì pedo sunart -
sei t  jèsh toÔ kÔbou Kirchhoff. Mhdenikì offset antistoiqe se kentrari-
smèno kÔbo. Upologistikì q¸ro: (43, 43, 43) kìmboi. Epifneia Kirchhoff:
m ko pleur 20 kuyèle (1λ).
O mìno trìpo gia na belti¸soume ousiastik thn akrbeia toÔ metasqh-
matismoÔ enai na qrhsimopoi soume puknìtero plègma. To Sq ma 5.9 (selda
96) enai antstoiqo me to Sq ma 5.5 (selda 91) me th diafor ìti èqoun qrh-
simopoihje 120 kuyèle an m ko kÔmato.
6
ParathroÔme ìti h tim  gia thn
Eθ sto θ = 90
◦
metablletai elqista, en¸ to Rθ belti¸netai aisjht. Su-
mperanoume ìti to puknìtero plègma odhge se megalÔterh akrbeia gia mikrè
kai megle timè t  gwna θ, ektì ishmerinoÔ. Epsh, h dunamik  perioq 
twn apotelesmtwn enai kat polÔ beltiwmènh, kaj¸ to metasqhmatismèno
pedo me N cpl = 120 èqei polÔ qamhlìtere timè sunistws¸n Er kai Eφ, oi
opoe enai jewrhtik mhdenikè sto makrinì pedo dipìlou.
6
'Ena tìso puknì plègma èqei apagoreutikè apait sei upologistik¸n pìrwn se mia
mèjodo peperasmènwn diafor¸n, ìmw mpore na qrhsimopoihje gia to skopì aut  t 
suz thsh qwr prìblhma.
94
5.6. Metasqhmatismì kontinoÔ se makrinì pedo
0 20 40 60 80 100 120
10−8
10−7
10−6
10−5
10−4
10−3
10−2
Cells Per Lambda
R θ
f = 1GHz, Grid: variable, r = 1000λ, φ = 0
Sq ma 5.8: Akrbeia metasqhmatismoÔ kontinoÔ se makrinì pedo sunar-
t sei twn diastsewn t  kuyèlh. Epifneia Kirchhoff: m ko pleur 1λ,
kentrarismènh.
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Sq ma 5.9: Aktinobola stoiqei¸dou dipìlou sto makrinì pedo: sÔgkri-
sh analutikoÔ upologismoÔ kai metasqhmatismoÔ kontinoÔ se makrinì pedo.
Diastsei kuyèlh: λ/120.
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Keflaio 6
Arijmhtik apotelèsmata
Nu˜n tw˜n law˜n tä mlgama kaÈ å mau˜ro >Arijmì
AÊàn th˜ Dkh tä galma kaÈ å mèga >Ofjalmì
Efarmìzoume ed¸ th mèjodo peperasmènwn diafor¸n, h opoa anaptÔqjh-
ke sto prohgoÔmeno keflaio kai sta antstoiqa parart mata, gia thn arijmh-
tik  eplush hlektromagnhtik¸n problhmtwn. Se kje perptwsh (kleist   
anoiqt  gewmetra) parousizoume epsh ti arijmhtikè mejìdou pou qrh-
simopoioÔme gia thn eplush toÔ sqetikoÔ grammikoÔ sust mato.
6.1 Kleist probl mata
6.1.1 Mèjodoi eplush
To prìblhma pou meletme sunstatai sthn eÔresh toÔ hlektrikoÔ pedou
sto eswterikì enì kumatodhgoÔ (disdistato prìblhma) kai mia koilìthta
(trisdistato prìblhma) se mia dedomènh suqnìthta apokop /suntonismoÔ.
Anaferìmenoi sthn exswsh (5.14) (selda 78), anazhtoÔme to dinusma x
tètoio ¸ste:
Ax = 0 (6.1)
kaj¸ den uprqoun phgè sto deÔtero mèlo (b = 0).
Upenjumzetai ìti ta dianÔsmata x ta opoa ikanopoioÔn thn parapnw e-
xswsh, orzoun to mhdenoq¸ro toÔ pnaka A (Kreyszig, 1978). Kaj¸ h di-
stash toÔ mhdenoq¸rou isoÔtai me ton arijmì twn rujm¸n pou antistoiqoÔn
sth sugkekrimènh suqnìthta, sumperanoume ìti gia tou mh ekfulismènou
rujmoÔ, o mhdenoq¸ro enai monodistato; to dinusma x mpore, sthn pe-
rptwsh aut , na oriste me eleujera mia pollaplasiastik  stajer. An
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ìmw sthn dia suqnìthta antistoiqoÔn N rujmo, o mhdenoq¸ro èqei dista-
sh N . S aut  thn perptwsh, èqoume mia apeira sunìlwn apì N dianÔsmata,
me kje sÔnolo na apotele mia bsh toÔ q¸rou; oi rujmo den mporoÔn plèon
na oristoÔn me monadikì trìpo, kai h sÔgkrish arijmhtik¸n apotelesmtwn kai
jewra gnetai pio dÔskolh. Gia na apofÔgoume tètoiou edou probl mata,
epilègoume pnta mh ekfulismènou rujmoÔ.
H mèjodo singular value decomposition (svd), dnei apeujea ma bsh
toÔ mhdenoq¸rou enì pnaka. IsodÔnama, mporoÔme na jewr soume ìti ta
zhtoÔmena dianÔsmata enai idiodianÔsmata toÔ pnaka pou antistoiqoÔn sth
mhdenik  idiotim . Epilègoume ed¸ th deÔterh prosèggish. Oi rujmo twn
kleist¸n problhmtwn upologzontai apì ta idiodianÔsmata toÔ pnaka ta o-
poa antistoiqoÔn sthn idiotim  pou brsketai plhsièstera sto mhdèn.
6.1.2 Kumatodhgì
JewroÔme ènan kumatodhgì orjogwnik  diatom , diastsewn a, b kat
tou xone x, y, me tèleia ag¸gima toiq¸mata. Ston kumatodhgì uprqoun
dÔo kathgore rujm¸n (Ramo et al., 1994):
Rujmo egkrsia hlektrik  pìlwsh kat z, TEzmn
Ex = Amnp
nπ
b
cos
(mπ
a
x
)
sin
(nπ
b
y
)
Ey = −Amnpmπ
a
sin
(mπ
a
x
)
cos
(nπ
b
y
)
(6.2)
Ez = 0
ìpou
m ≥ 0, n ≥ 0, m+ n > 0.
Rujmo egkrsia magnhtik  pìlwsh kat z, TMzmn
Ex = Bmnp
mπ
a
cos
(mπ
a
x
)
sin
(nπ
b
y
)
Ey = Bmnp
nπ
b
sin
(mπ
a
x
)
cos
(nπ
b
y
)
(6.3)
Ez = −Bmnp
[(mπ
a
)2
+
(nπ
b
)2]
sin
(mπ
a
x
)
sin
(nπ
b
y
)
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ìpou
m ≥ 1, n ≥ 1.
H suqnìthta apokop  twn rujm¸n TE
z
mn kai TM
z
mn dnetai apì:
fmn =
c
2π
√(mπ
a
)2
+
(nπ
b
)2
=
c
λmn
. (6.4)
Gia na periorsoume ton arijmì twn ekfulismènwn rujm¸n, epilègoume ènan
kumatodhgì me a 6= b, kai sugkekrimèna,
a
b
= 3.
H suqnìthta apokop  dnetai t¸ra apì th sqèsh:
fmnp =
c
2a
√
m2 + (3n)2 =
c
λmn
.
H pio qamhl  suqnìthta antistoiqe sto rujmì TE
z
10. Oi an¸teroi rujmo
kai o lìgo Rmn = fmn/f10 parousizontai ston Pnaka 6.1. Ma endiafè-
roun ed¸ oi dÔo pr¸toi rujmo, pou enai mh ekfulismènoi.
Pnaka 6.1: Lìgo suqnot twn Rmn = fmn/f10 gia kumatodhgì orjo-
gwnik  diatom , me a/b = 3.
TE
z
10 TE
z
20 TE
z
30 TE
z
03 TE
z
11 TM
z
11 TE
z
21 TM
z
21
1 2 3
√
10
√
13
Epilègoume f10 = 1GHz, to opoo dnei a = 0.15m. Gia kalÔterh sÔgkri-
sh twn apotelesmtwn, o arijmì twn kuyel¸n Nx, Ny kai h distash t 
kuyèlh h paramènoun stajerè, kti pou èqei w apotèlesma th metabol 
toÔ N cpl gia kje rujmì.
O arijmì kuyel¸n kat m ko toÔ xona x enai so me:
Nx =
a
h
+ 1 =
a
λmn
N cplmn + 1 (6.5)
kai, lambnonta upìyh ti sqèsei anmesa sti diastsei toÔ kumatodhgoÔ:
Ny =
b
h
+ 1 =
Nx − 1
3
+ 1.
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Shmei¸netai ìti o ìro +1 sti parapnw sqèsei proèrqetai apì to ge-
gonì ìti, gia pardeigma kat ton xona x, èqoume ah kuyèle sto eswterikì
toÔ upologistikoÔ q¸rou, kai ma epiplèon kuyèlh t  opoa h sunist¸sa
Ex brsketai sto exwterikì toÔ q¸rou, mèsa sto fantastikì agwgì, kai h
sunist¸sa Ey enai efaptomenik  sta toiq¸mata toÔ q¸rou upologismoÔ.
MporoÔme na proume mia èkfrash toÔ arijmoÔ kuyel¸n an m ko kÔma-
to gia kje rujmì, me bsh th sqèsh (6.5):
N cplmn = (Nx − 1)
2f10
fmn
. (6.6)
Gia tou upologismoÔ dialèxame
Nx = 31, Ny = 11.
Upologzoume to hlektrikì pedo twn rujm¸n TE
z
10 kai TE
z
20 me th mèjodo
peperasmènwn diafor¸n (Sq ma 6.1, selda 101).
To pedo èqei thn hmitonoeid  morf  pou problèpetai apì th jewra. Ka-
nonikopoioÔme to jewrhtikì pedo   upologismèno apì thn (6.2)   kai to a-
rijmhtikì pedo ¸ste na èqoun th dia mègisth tim . Oi sugkrsei deqnoun
ìti h apìstash twn dianusmtwn ‖eth − enum‖ enai t  txh toÔ 10−14, mia
tim  polÔ kont sto arijmhtikì mhdèn. Sumperanoume loipìn ìti h mèjodo
peperasmènwn diafor¸n upologzei tou rujmoÔ enì kumatodhgoÔ me polÔ
meglh akrbeia.
Sto Sq ma 6.1, h sunist¸sa Ey toÔ pedou mhdenzetai sthn teleutaa
kuyèlh toÔ plègmato kat th dieÔjunsh toÔ xona y. Autì enai fusikì,
giat h sunist¸sa Ey s aut  thn kuyèllh brsketai ektì toÔ upologistikoÔ
q¸rou, sto eswterikì twn metallik¸n toiqwmtwn pou ton periblloun.
6.1.3 Suntonizìmenh koilìthta
JewroÔme mia koilìthta sq mato orjogwnou parallhlogrmmou, dia-
stsewn a, b, c kat tou xone x, y, z, me tèleia ag¸gima toiq¸mata. Epilè-
gonta ton xona z w xona anafor, èqoume dÔo kathgore rujm¸n (Ramo
et al., 1994):
Rujmo egkrsia hlektrik  pìlwsh kat z, TEzmnp
Ex = Amnp
nπ
b
cos
(mπ
a
x
)
sin
(nπ
b
y
)
sin
(pπ
c
z
)
Ey = −Amnpmπ
a
sin
(mπ
a
x
)
cos
(nπ
b
y
)
sin
(pπ
c
z
)
(6.7)
Ez = 0
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Sq ma 6.1: Sunist¸sa Ey toÔ hlektrikoÔ pedou twn rujm¸n TE
z
10 (pnw)
kai TE
z
20 (ktw) enì kumatodhgoÔ orjogwnik  diatom , me a/b = 3. Oi
arijmo stou xone x, y anafèrontai se kuyèle.
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ìpou
m ≥ 0, n ≥ 0, p ≥ 1, m+ n > 0.
Rujmo egkrsia magnhtik  pìlwsh kat z, TMzmnp
Ex = Bmnp
mπ
a
pπ
c
cos
(mπ
a
x
)
sin
(nπ
b
y
)
sin
(pπ
c
z
)
Ey = Bmnp
nπ
b
pπ
c
sin
(mπ
a
x
)
cos
(nπ
b
y
)
sin
(pπ
c
z
)
(6.8)
Ez = −Bmnp
[(mπ
a
)2
+
(nπ
b
)2]
sin
(mπ
a
x
)
sin
(nπ
b
y
)
cos
(pπ
c
z
)
ìpou
m ≥ 1, n ≥ 1, p ≥ 0.
H suqnìthta suntonismoÔ twn rujm¸n TE
z
mnp kai TM
z
mnp dnetai apì:
fmnp =
c
2π
√(mπ
a
)2
+
(nπ
b
)2
+
(pπ
c
)2
=
c
λmnp
. (6.9)
Epilègoume, ìpw prin, diastsei a 6= b 6= c, kai sugkekrimèna,
a
b
= 3 ,
a
c
= 2.
H suqnìthta suntonismoÔ dnetai apì th sqèsh:
fmnp =
c
2a
√
m2 + (3n)2 + (2p)2 =
c
λmnp
.
H pio qamhl  suqnìthta antistoiqe sto rujmì TE
z
101. Oi epìmenoi ruj-
mo, kai o lìgo Rmnp = fmnp/f101 parousizontai ston Pnaka 6.2. Ma
endiafèroun ed¸ oi trei pr¸toi rujmo, ìloi mh ekfulismènoi.
Epilègoume f101 = 1GHz, kai èqoume a = 0.15
√
5m. O arijmì twn
kuyel¸n Nx, Ny, Nz kai h distash kje kuyèlh h paramènoun stajer, me
apotèlesma o arijmì kuyel¸n an m ko kÔmato N cpl na enai diaforetikì
gia kje rujmì.
Me thn dia diadikasa ìpw prin, parnoume th sqèsh
N cplmnp = (Nx − 1)
2√
5
f101
fmnp
. (6.10)
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Pnaka 6.2: Lìgo suqnot twn Rmnp = fmnp/f101 gia orjogwnik  koi-
lìthta, me a/b = 3 kai a/c = 2.
TE
z
101 TE
z
201 TM
z
110 TE
z
011 TE
z
301 TM
z
210 TE
z
111 TM
z
111
1
√
8/5
√
10/5
√
13/5
√
14/5
Gia tou upologismoÔ jewroÔme:
Nx = 31, Ny = 11, Nz = 16.
To hlektrikì pedo twn rujm¸n TE
z
101, TE
z
201 kai TM
z
110 upologzetai me
th mèjodo peperasmènwn diafor¸n (Sq ma 6.2, selda 104).
MporoÔme na knoume ti die parathr sei me ekene toÔ kumatodhgoÔ.
Ta arijmhtik apotelèsmata brskontai se tèleia sumfwna me th jewra. H
apìstash metaxÔ twn enum kai eth enai t  txh toÔ 10
−14
se ìle ti peri-
pt¸sei. H apìstash anmesa ston arijmì 1.0 kai ston plhsièstero epìmeno
arijmì enai sh me ǫ = 2.22 10−16 ston upologist  pou qrhsimopoi jhke gia
ta apotelèsmata. Sumperanoume ìti h apìstash ‖eth−enum‖ enai polÔ kont
sto arijmhtikì mhdèn. Autì deqnei ìti to sflma t  mejìdou peperasmènwn
diafor¸n gia tou rujmoÔ t  koilìthta enai t  txh t  arijmhtik 
akrbeia toÔ upologist .
6.2 Anoiqt probl mata
6.2.1 Mèjodoi eplush
Sthn perptwsh anoiqt¸n problhmtwn (probl mata aktinobola kai skè-
dash), o deÔtero ìro t  exswsh (5.14) (selda 78) enai mh mhdenikì.
Prèpei loipìn na lÔsoume èna grammikì sÔsthma, suqn polÔ shmantik¸n
diastsewn. Kaj¸ to sÔsthma enai arai  morf , mporoÔme na qrhsimo-
poi soume epanalhptikè mejìdou gia thn eplus  tou. Anmesa sto pl jo
twn diajèsimwn mejìdwn (Saad, 1996) epilègoume ed¸ th stajeropoihmènh mè-
jodo disuzug¸n klsewn (Bigradient conjugate stabilized, bicg-stab) kai th
mèjodo genikeumènou elqistou upolopou (Generalized Minimum Residual,
gmres). Autè oi dÔo mèjodoi mporoÔn na efarmostoÔn sthn perptwsh mh
summetrik¸n susthmtwn, ìpw autì pou prokÔptei apì th mèjodo pepera-
smènwn diafor¸n.
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Sq ma 6.2: Sunist¸sa Ey toÔ hlektrikoÔ pedou twn rujm¸n TE
z
101 (pnw)
kai TE
z
201 (kèntro), kai sunist¸sa Ez toÔ rujmoÔ TM
z
110 (ktw) gia mia
orjogwnik  koilìthta, me a/b = 3 kai a/c = 2.
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Se sqèsh me ti mejìdou apeujea antistrof , oi epanalhptikè mè-
jodoi èqoun meiwmène apait sei upologistik¸n pìrwn. 'Omw, h sÔgklish
twn mejìdwn den enai pnta egguhmènh. Gia na belti¸soume, kai orismène
forè na diasfalsoume, th sÔgklish, prèpei na tropopoi soume to grammi-
kì sÔsthma, pollaplasizonta kai ta dÔo mèlh me ènan katllhlo pnaka
(preconditioning), ¸ste na apokt oume èna isodÔnamo sÔsthma me eukolìte-
rh eplush (Bruaset, 1995). Sta plasia twn ergasi¸n ma, qrhsimopoioÔme
th mèjodo toÔ pl rou diaqwrismoÔ lu   ìtan oi upologistiko pìroi to epi-
trèpoun     toÔ mh pl rou diaqwrismoÔ lu (Incomplete Lower Up, ilu) sthn
antjeth perptwsh. Gia na mei¸soume ton arijmì mh mhdenik¸n stoiqewn sto
diaqwrismì ilu, metablloume th seir twn sthl¸n toÔ pnaka toÔ sust -
mato (approximate minimum degree column ordering, colamd) (Larimore,
1998).
6.2.2 Stoiqei¸de dpolo
Meletme thn aktinobola enì stoiqei¸dou dipìlou. To dpolo monte-
lopoietai me thn parousa mia phg  reÔmato, efarmosmènh se ma mìno
akm  toÔ plègmato. Epilègoume thn pìlwsh J(z) = zˆ kai th suqnìthta
f = 1GHz. QrhsimopoioÔme trisdistato plègma, me diastsei λ/20, me 31
kuyèle se kje xona. To dpolo brsketai sto kèntro toÔ upologistikoÔ
q¸rou. H eplush gnetai me th mèjodo bicg-stab kai èna aplì preconditio-
ning me th diag¸nio toÔ pnaka.
Ta apotelèsmata sto makrinì pedo (Sq ma 6.3, selda 106) enai se sum-
fwna me th jewra (exis¸sei (5.41), selda 90): oi sunist¸se Er kai Eφ  
mhdenikè jewrhtik   enai perissìtero apì 20 dB kai 40 dB, antstoiqa, pio
qamhlè apì th sunist¸sa Eθ, h opoa akolouje me meglh akrbeia hmito-
noeid  metabol  kat th metablht  θ. Me bsh thn tim  t  Eθ sto shmeo
θ = 90◦, mporoÔme na upologsoume ìti to isodÔnamo m ko toÔ dipìlou enai
l = 6.82µm = λ/44000. Auth h tim  epibebai¸nei ìti prìkeitai gia stoi-
qei¸de dpolo, kai antistoiqe sto gegonì ìti to reÔma pou montelopoie to
dpolo efarmìzetai se èna mìno shmeo toÔ upologistikoÔ q¸rou.
6.3 Sumpersmata
Parousisame orismèna arijmhtik apotelèsmata t  mejìdou peperasmè-
nwn diafor¸n pou anaptÔqjhke sto prohgoÔmeno keflaio. Dexame arqik
ìti gia kleist probl mata   kumatodhgoÔ kai koilìthte metallik¸n toiqw-
mtwn   oi arijmhtik upologismènoi rujmo sumpptoun pl rw me ekenou
pou problèpei h jewra. Autì to apotèlesma epibebai¸nei thn egkurìthta
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Sq ma 6.3: Aktinobola stoiqei¸dou dipìlou sto makrinì pedo: sÔgkrish
analutikoÔ upologismoÔ kai arijmhtikoÔ pedou peperasmènwn diafor¸n.
t  mejìdou pou anaptÔxame. Sugkekrimèna, se autoÔ tou upologismoÔ
emplèketai mìno o basikì pur na t  mejìdou, h diakritopohsh twn exis¸-
sewn toÔ Maxwell. Ta upìloipa tm mata, ìpw ta aporrofhtik toiq¸mata,
oi mèjodoi preconditioning kai eplush toÔ grammikoÔ sust mato, den èqoun
kamma epdrash. Sth sunèqeia, upologsame thn aktinobola makrinoÔ pedou
apì èna stoiqei¸de dpolo, kai diapist¸same ìti ta apotelèsmata brskontai
se polÔ kal  sumfwna me th jewra.
Sqetik me to qrìno upologismoÔ, to disdistato prìblhma toÔ kumatodh-
goÔ lÔjhke se 15 sec (qrhsimopoi jhkan 35MB mn mh), ekeno t  koilìth-
ta se 2min (200MB), kai to trisdiastato prìblhma toÔ dipìlou se 38min
(200MB). O upologist  pou qrhsimopoi jhke enai, ìpw sto keflaio 3,
èna stajmì ergasa Hewlett-Packard Visualize B2000, me epexergast  RI-
SC PA-8500 400MHz kai 1GB fusik  mn mh.
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Sumpersmata
Nu˜n  tapenwsh tw˜n Jew˜n Nu˜n  spodä tou˜ >Anjr¸pou
Nu˜n Nu˜n tä mhdèn
O basikì stìqo aut  t  ergasa  tan h melèth t  dunatìthta a-
nptuxh mia mejìdou trisdistath posotik  mikrokumatik  apeikìnish
gia antikemena sto eswterikì dom¸n. H melèth qwrzetai se dÔo fsei, oi
opoe antistoiqoÔn sta dÔo mèrh aut  t  diatrib .
Se èna pr¸to stdio, belti¸same mia disdistath mèjodo mikrokumatik 
apeikìnish. H tropopoihmènh mèjodo lambnei upìyh th morf  toÔ prosp-
ptonto kÔmato, sto kontinì pedo twn kerai¸n ekpomp , kai perièqei epsh
èna arijmhtikì montèlo gia to jìrubo mètrhsh. Auth h mèjodo apotele to
shmeo ekknhsh gia thn epèktash sthn trisdistath perptwsh. 'Htan loipìn
anagkao na exetsoume ti idiìthte anakataskeu  polurijmwn problhm-
twn.
Melet same thn epdrash mia seir paramètrwn   ìpw h sÔnjesh t 
gramm  mètrhsh, h z¸nh suqnot twn, h stjmh toÔ prostijèmenou jorÔ-
bou   me skopì na bgloume genik sumpersmata sqetik me th sumperifor
t  mejìdou kai na emaste se jèsh na epilègoume ti bèltiste timè gia ta
difora megèjh.
Ta apotelèsmata epal jeusan thn kal  leitourga t  mejìdou se èna
meglo arijmì katastsewn. H mèjodo apodeqthke anjektik  sto jìrubo,
idiatera se ì,ti afor thn anakataskeu  t  hlektrik  epidektikìthta. H
anakataskeu  t  agwgimìthta paramènei se ìle ti peript¸sei, me   qwr
jìrubo, pio dÔskolh. Autì to sumpèrasma brsketai se sumfwna me ti
diapist¸sei toÔ Dourthe (1997).
Se sunj ke apousa jorÔbou, mporèsame na dexoume thn Ôparxh mia
bèltisth posìthta plhrofora, h opoa prèpei na doje ston algìrijmo
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anakataskeu . Gia thn perptwsh dedomènwn me jìrubo, ìpou h plhrofora
pou metafèretai apì ta dedomèna den enai akrib , den mporèsame na epana-
lboume autì to apotèlesma: èqoume diark¸ kalÔtere anakataskeuè ìso
auxnoume thn posìthta twn diajèsimwn dedomènwn, an kai, sti pio pollè
peript¸sei, h beltwsh twn apotelesmtwn de dikaiologe ton epiplèon qrìno
upologismoÔ.
Dexame ìti o polusuqnotikì qarakt ra t  mejìdou, emperièqei ta ple-
onekt mata mia teqnik  metallag  suqnot twn. Epiplèon, diapist¸same
ìti h mèjodo enai sqedìn anephrèasth apì thn epilog  t  arqik  ektmh-
sh: qwr kanonikopohsh, èqoume parìmoia apotelèsmata ete xekin soume
me mia mhdenik  arqik  ektmhsh ete me mia ektmhsh sqetik kont sto zh-
toÔmeno antikemeno.
1
Prìkeitai gia èna jetikì shmeo t  mejìdou, to opoo
epibebai¸nei ta apotelèsmata toÔ Lobel (1996).
Sqetik me ti suqnìthte pou qrhsimopoioÔntai gia thn anakataskeu ,
dexame thn angkh gia mia meglh perioq  suqnot twn: oi qamhlè suqnìth-
te dieisdÔoun sto ag¸gimo mèso, prosdiorzoun th jèsh toÔ antikeimènou kai
suneisfèroun sthn anakataskeu  t  agwgimìthta; oi uyhlè suqnìthte
dnoun thn aparathth anlush sta anakataskeuasmèna profl.
An kai h z¸nh suqnot twn prèpei na èqei meglo eÔro, dexame ìti o
arijmì twn qrhsimopoioÔmenwn suqnot twn den prèpei na enai aparathta
meglo. Prìkeitai gia èna polÔ shmantikì sumpèrasma se sqèsh me thn
epilog  t  mejìdou eplush toÔ eujèo probl mato sthn perptwsh t 
trisdistath apeikìnish, giat ma epitrèpei na paramenoume sto pedo twn
suqnot twn.
Se ì,ti afor thn trisdistath mèjodo apeikìnish, epilèxame na lÔsoume
to antstoiqo eujÔ prìblhma qrhsimopoi¸nta mia mèjodo peperasmènwn dia-
for¸n sto pedo twn suqnot twn. AnaptÔxame loipìn, se èna deÔtero stdio,
mia mèjodo peperasmènwn diafor¸n, katllhlh gia enswmtwsh se mia mèjo-
do mikrokumatik  apeikìnish, ìpw ekenh pou melet jhke sto pr¸to mèro
t  diatrib . An kai h mèjodo ja qrhsimopoihje gia thn eplush trisdi-
statwn problhmtwn, anaptÔxame epsh th disdistath ekdoq  th, gia ti
dÔo pol¸sei toÔ pedou (egkrsio magnhtikì kai egkrsio hlektrikì).
Epilèxame èna klasikì plègma, me kuyèle kubikè   sthn trisdistath
perptwsh     tetragwnikè   sth disdistath perptwsh. Me bsh thn efar-
mog  thn opoa èqoume upìyh, èna pio exeligmèno plègma de ja  tan qr simo
sthn paroÔsa fsh t  melèth: ta polÔploka plègmata ekmetalleÔontai ti
idiìthte twn skedast¸n gia na d¸soun kalÔtera apotelèsmata, ìmw sto
antstrofo prìblhma oi skedastè enai gnwstoi.
1
Profan¸, ìtan h arqik  ektmhsh enai polÔ kont sto pragmatikì antikemeno, ta
apotelèsmata parousizoun shmantik  beltwsh.
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Akolouj same mia majhmatik  perigraf  {skedazìmenou pedou} (pure
scattered field) gia na perigryoume to prìblhma t  skèdash. 'Omw, a-
nadeiknÔonta th summetra twn exis¸sewn toÔ Maxwell gia to olikì kai to
skedazìmeno pedo, anaptÔxame mia mèjodo h opoa mpore na qeiriste tìso ta
probl mata anoiqt  gewmetra, ìso kai ekena t  aktinobola kai skèda-
sh. H mèjodo sumplhr¸netai apì èna metasqhmatismì kontinoÔ se makrinì
pedo, basismèno sto olokl rwmaKirchhoff. Autì o metasqhmatismì mpore
na fane qr simo sthn perptwsh apeikìnish makrinoÔ pedou.
Parousisame orismèna apotelèsmata gia thn pistopohsh t  mejìdou pe-
perasmènwn diafor¸n. Shmei¸noume ìti gia thn ulopohsh t  mejìdou, ana-
ptÔxame ton k¸dika fdfd-grec (Finite-Difference Frequency-Domain General-
purpose Rectangular-mesh Electromagnetic Code). O k¸dika, apoteloÔme-
no apì ekosi qilide grammè se gl¸ssa Matlab, enai prosanatolismè-
no gia qr sh se mèjodo apeikìnish; paramènei ìmw autìnomo kai mpore
na qrhsimopoihje gia thn eplush genik¸n hlektromagnhtik¸n problhmtwn,
ìpw prokÔptei kai apì to ìnom tou.
Oi prooptikè aut  t  diatrib  sqetzontai me ta basik antikemena
pou melet jhkan se kje mèro th. Sqetik me to pr¸to mèro, mporoÔme
na ergastoÔme pro thn kateÔjunsh twn anakataskeu¸n me bsh pragmati-
k dedomèna. H kal  sumperifor t  mejìdou anakataskeu  apènanti sto
jìrubo deqnei ìti kti tètoio enai efiktì. To prìblhma pou tjetai enai
ousiastik ekeno t  prosarmog  (calibration) twn metr sewn. 'Ena metrh-
tikì sÔsthma, to opoo anaptÔqjhke sta plasia twn ergasi¸n toÔ Guillanton
(2000), enai diajèsimo sto gallikì ergast rio.
Se èna pio jewrhtikì plasio, ja  tan endiafèron na posotikopoi soume
thn ènnoia t  aparathth plhrofora, h opoa anaptÔqjhke kat th suz -
thsh twn apotelesmtwn toÔ trtou kefalaou. Fanetai logikì, w shmeo
ekknhsh, na qrhsimopoihjoÔn ènnoie apì th jewra plhrofora kai th je-
wra pijanot twn (Bucci et al., 2001, Dosso and Wilmut, 2002).
H profan  prooptik  toÔ deÔterou mèrou t  diatrib , enai h eplush
toÔ antstrofou probl mato. H mèjodo peperasmènwn diafor¸n pou ana-
ptÔxame fanetai na enai katllhlh gi autì to skopì, kaj¸ h majhmatik 
th perigraf  perilambnei ekpefrasmèna ti hlektromagnhtikè paramètrou
toÔ upologistikoÔ q¸rou. Me bsh aut  thn perigraf , mporoÔme na orsou-
me èna sunarthsioeidè kai na upologsoume ti sunarthsiakè parag¸gou
kat Fre´chet. Shmei¸noume ìti h mèjodo pou anaptÔxame perilambnei tìso
th disdistath perptwsh, me dÔo pol¸sei, ìso kai thn trisdistath. H en-
swmtws  th se mia mèjodo apeikìnish ja d¸sei èna sÔnolo tri¸n mejìdwn,
ikan¸n na lÔsoun diaforetikè kathgore problhmtwn.
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Klenonta to keflaio twn sumperasmtwn, anaferìmaste se orismènou
teqnikoÔ periorismoÔ t  mejìdou pou anaptÔqjhke. O programmatismì se
peribllonMatlab (gl¸ssa tètarth geni), ma prosèfere èna shmantikì
pleonèkthma se sqèsh me to qrìno anptuxh toÔ k¸dika, eidik gi aut 
th mèjodo pou qrhsimopoie pnake arai  morf . Se ì,ti afor to qrìno
upologismoÔ, qreisthke na prosarmìsoume prosektik ton k¸dik ma sthn
arqitektonik  ulopohsh twn pinkwn arai  morf  sto Matlab (Gilbert
et al., 1992) ¸ste na petÔqoume jeamatikè belti¸sei.2 JewroÔme ìti sthn
paroÔsa katstash, o qrìno upologismoÔ den apotele prìblhma.
Antjeta, oi duskole proèrqontai apì ti apait sei se mn mh. Kaj¸
to Matlab den uprqei se parllhlh èkdosh, emaste periorismènoi apì ti
prodiagrafè toÔ leitourgikoÔ sust mato. Gia ti arqitektonikè 32 bits,
autì to ìrio kumanetai anmesa se 1 kai 2GB, anloga me to sÔsthma. Gia ta
trisdistata probl mata, ìmw, h apaitoÔmenh mn mh enai suqn megalÔterh
apì autì to ìrio. Autì o periorismì ja arje th stigm  pou ja mporèsoume
na qrhsimopoi soume to Matlab se arqitektonik  64 bits.
Mia enallaktik  lÔsh ja  tan na grafe o k¸dika apì thn arq , se
ma gl¸ssa trth geni (p.q. C, C++   Fortran) kai na qrhsimopoihjoÔn
teqnikè parllhlou upologismoÔ. 'Omw, me dedomèno to mègejo toÔ k¸dika,
aut  h lÔsh fanetai arket dapanhr  sthn efarmog  th.
2
Gia pardeigma, o qrìno kataskeu  toÔ pnaka t  mejìdou peperasmènwn diafor¸n,
gia èna sugkekrimèno prìblhma, metabl jhke apì perissìtero apì dÔo ¸re se dÔo mìno
lept, met apì mia beltistopohsh toÔ k¸dika.
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 III
Parart mata
Parrthma Aþ
Telest  andelta se
pnake
Aþ.1 Klsh pnaka
'Estw A èna pragmatikì pnaka, diastsewn Nl × Nc. Orzoume ton
pnaka Nl ×Nc t  klsh toÔ A kat th dieÔjunsh twn sthl¸n tou w:
(∇cA)i,j ,
{
Ai,j+1 − Ai,j j = 1, . . . , Nc − 1
0 j = Nc
(Aþ.1)
kai ton pnaka Nl ×Nc t  klsh toÔ A kat th dieÔjunsh twn gramm¸n tou
w:
(∇lA)i,j ,
{
Ai+1,j − Ai,j i = 1, . . . , Nl − 1
0 i = Nl
. (Aþ.2)
Oi parapnw sqèsei orzoun ti dÔo sunist¸se t  klsh toÔ pnaka A
sto shmeo (i, j). To mètro t  klsh orzetai w:
‖(∇A)i,j‖ ,
[
(∇cA)
2
i,j + (∇lA)
2
i,j
]1/2
. (Aþ.3)
Aþ.2 Laplasian  pnaka
'Estw A, B, C trei pragmatiko pnake diastsewn Nl × Nc. H lapla-
sian  toÔ pnaka A me bro B orzetai w:
〈−∇2BA,C〉 , Nl∑
i=1
Nc∑
j=1
Bi,j(∇A)i,j · (∇C)i,j. (Aþ.4)
Parrthma aþ. Telest  andelta se pnake
AnaptÔssonta to diakritì eswterikì ginìmeno sto aristerì mèlo kai to
eswterikì ginìmeno twn klsewn sto dex, mporoÔme na dexoume ìti:
∇2BA = −(Bi,j−1 + 2Bi,j + Bi−1,j)Ai,j+
Bi,j−1Ai,j−1 + Bi,jAi,j+1+
Bi−1,jAi−1,j + Bi,jAi+1,j. (Aþ.5)
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Parrthma Bþ
Diakritopohsh diaforik¸n
telest¸n
Ja apodexoume ti ekfrsei pou dnoun thn pr¸th kai deÔterh pargwgo
mia sunrthsh se prosèggish txh
1 h2. JewroÔme ìti gnwrzoume ti timè
t  sunrthsh pnw se èna omoiìmorfo plègma.
'Estw mia sunrthsh f me pedo orismoÔ to Rn kai pedo tim¸n to R.
Sumbolzoume me x =
(
x1 x2 . . . xn
)
T
to dinusma twn n metablht¸n t 
sunrthsh kai me ei to monadiao dinusma tou opoou h i ost  sunist¸sa
isoÔtai me èna kai oi upìloipe me mhdèn. To anptugma Taylor t  f gÔrw
apì to shmeo x0 kat th dieÔjunsh tou dianÔsmato ei grfetai:
f(x0 + hei) = f(x0) + h
∂f
∂xi
∣∣∣∣
x0
+
h2
2!
∂2f
∂x2i
∣∣∣∣
x0
+
h3
3!
∂3f
∂x3
∣∣∣∣
x0
+O(h4) (Bþ.1aþ)
f(x0 − hei) = f(x0)− h ∂f
∂xi
∣∣∣∣
x0
+
h2
2!
∂2f
∂x2i
∣∣∣∣
x0
− h
3
3!
∂3f
∂x3
∣∣∣∣
x0
+O(h4). (Bþ.1bþ)
An afairèsoume thn (Bþ.1bþ) apì thn (Bþ.1aþ) kat mèlh èqoume:
∂f
∂xi
∣∣∣∣
x0
=
f(x0 + hei)− f(x0 − hei)
2h
+O(h2) (Bþ.2aþ)
1
Upenjumzetai ìti mia sunrthsh f(a) enai txh a kai sumbolzoume f(a) = O(a), an
lim
a→0
f(a)
a
= A 0 < |A| <∞.
Parrthma bþ. Diakritopohsh diaforik¸n telest¸n
en¸ an ti prosjèsoume:
∂2f
∂x2i
∣∣∣∣
x0
=
f(x0 + hei)− 2f(x0) + f(x0 − hei)
h2
+O(h2). (Bþ.2bþ)
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Parrthma Gþ
Diakritopohsh exis¸sewn
Maxwell
Gia th diakritopohsh twn hlektromagnhtik¸n exis¸sewn qrhsimopoioÔme
to omoiìmorfo orjogwnikì plègma t  paragrfou 5.1 me m ko pleur h.
S autì to parrthma qreizetai suqn na gryoume rht¸ se poio shmeo
toÔ q¸rou upologzontai ta majhmatik megèjh. Sumbolzoume me f | x
h
, y
h
, z
h
thn tim  t  posìthta f sto shmeo (x, y, z). M autì to sumbolismì kai me
bsh ton pnaka 5.1 (selda 72) mporoÔme, gia pardeigma, na gryoume:
Ei,j,kx = Ex|i+ 1
2
,j,k E
i,j,k
y = Ey|i,j+ 1
2
,k E
i,j,k
z = Ez|i,j,k+ 1
2
H i,j,kx = Hx|i,j+ 1
2
,k+ 1
2
H i,j,ky = Hy|i+ 1
2
,j,k+ 1
2
H i,j,kz = Hz|i+ 1
2
,j+ 1
2
,k.
Gþ.1 Exswsh Faraday
Trisdistata probl mata
Xanagrfoume thn exswsh (4.1gþ):
∇×E = − jω ¯˙µ ·H −M . (Gþ.1)
AnalÔoume thn parapnw dianusmatik  exswsh sti trei sunist¸se th
kai ti upologzoume sta shmea ìpou orzetai to magnhtikì pedo sthn kuyèlh
Parrthma gþ. Diakritopohsh exis¸sewn Maxwell
(i, j, k):
− jω(µ˙xxHx)|i,j+ 1
2
,k+ 1
2
− Mx|i,j+ 1
2
,k+ 1
2
=
∂Ez
∂y
∣∣∣∣
i,j+ 1
2
,k+ 1
2
− ∂Ey
∂z
∣∣∣∣
i,j+ 1
2
,k+ 1
2
(Gþ.2aþ)
− jω(µ˙yyHy)|i+ 1
2
,j,k+ 1
2
− My|i+ 1
2
,j,k+ 1
2
=
∂Ex
∂z
∣∣∣∣
i+ 1
2
,j,k+ 1
2
− ∂Ez
∂x
∣∣∣∣
i+ 1
2
,j,k+ 1
2
(Gþ.2bþ)
− jω(µ˙zzHz)|i+ 1
2
,j+ 1
2
,k − Mz|i+ 1
2
,j+ 1
2
,k =
∂Ey
∂x
∣∣∣∣
i+ 1
2
,j+ 1
2
,k
− ∂Ex
∂y
∣∣∣∣
i+ 1
2
,j+ 1
2
,k
.(Gþ.2gþ)
Proseggzoume ti qwrikè parag¸gou pr¸th txh me peperasmène
diaforè, sÔmfwna me thn exswsh (Bþ.2aþ)
1
:
∂Ez
∂y
∣∣∣∣
i,j+ 1
2
,k+ 1
2
≈
Ez|i,j+1,k+ 1
2
− Ez|i,j,k+ 1
2
h
=
Ei,j+1,kz − Ei,j,kz
h
(Gþ.3aþ)
∂Ey
∂z
∣∣∣∣
i,j+ 1
2
,k+ 1
2
≈
Ey|i,j+ 1
2
,k+1 − Ey|i,j+ 1
2
,k
h
=
Ei,j,k+1y − Ei,j,ky
h
(Gþ.3bþ)
∂Ex
∂z
∣∣∣∣
i+ 1
2
,j,k+ 1
2
≈
Ex|i+ 1
2
,j,k+1 − Ex|i+ 1
2
,j,k
h
=
Ei,j,k+1x − Ei,j,kx
h
(Gþ.3gþ)
∂Ez
∂x
∣∣∣∣
i+ 1
2
,j,k+ 1
2
≈
Ez|i+1,j,k+ 1
2
− Ez|i,j,k+ 1
2
h
=
Ei+1,j,kz − Ei,j,kz
h
(Gþ.3dþ)
∂Ey
∂x
∣∣∣∣
i+ 1
2
,j+ 1
2
,k
≈
Ey|i+1,j+ 1
2
,k − Ey|i,j+ 1
2
,k
h
=
Ei+1,j,ky − Ei,j,ky
h
(Gþ.3eþ)
∂Ex
∂y
∣∣∣∣
i+ 1
2
,j+ 1
2
,k
≈
Ex|i+ 1
2
,j+1,k − Ex|i+ 1
2
,j,k
h
=
Ei,j+1,kx − Ei,j,kx
h
. (Gþ.3þ)
DiakritopoioÔme ti exis¸sei (Gþ.2) antikajist¸nta ti parag¸gou sto
dex mèlo apì ti (Gþ.3) kai ta megèjh sto aristerì apì ti (5.1). ProkÔptoun
oi paraktw ekfrsei pou dnoun to magnhtikì pedo sthn kuyèlh (i, j, k)
sunart sei toÔ magnhtikoÔ reÔmato sthn kuyèlh kai toÔ hlektrikoÔ pedou
1
H distash toÔ plègmato pou qrhsimopoietai ed¸ enai h mis  ekenh tou parart -
mato Bþ.
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gþ.2. Exswsh Maxwell-Ampe`re
sthn dia kai se trei geitonikè kuyèle:
H i,j,kx =
Ei,j,k+1y − Ei,j,ky − Ei,j+1,kz + Ei,j,kz − hM i,j,kx
h jω
〈
µ˙i,j,kxx
〉
(Gþ.4aþ)
H i,j,ky =
Ei+1,j,kz − Ei,j,kz − Ei,j,k+1x + Ei,j,kx − hM i,j,ky
h jω
〈
µ˙i,j,kyy
〉
(Gþ.4bþ)
H i,j,kz =
Ei,j+1,kx −Ei,j,kx − Ei+1,j,ky + Ei,j,ky − hM i,j,kz
h jω
〈
µ˙i,j,kzz
〉 . (Gþ.4gþ)
Disdistata probl mata
Akolouj¸nta antstoiqh diadikasa mporoÔme na proume ti paraktw
ekfrsei.
Pìlwsh TM:
H i,jx =
−Ei,j+1z + Ei,jz − hM i,jx
h jω
〈
µ˙i,jxx
〉
(Gþ.5aþ)
H i,jy =
Ei+1,jz − Ei,jz − hM i,jy
h jω
〈
µ˙i,jyy
〉 . (Gþ.5bþ)
Pìlwsh TE:
H i,jz =
Ei,j+1x −Ei,jx − Ei+1,jy + Ei,jy − hM i,jz
h jω
〈
µ˙i,jzz
〉 . (Gþ.6)
Gþ.2 Exswsh Maxwell-Ampe`re
Trisdistata probl mata
Xanagrfoume thn exswsh (4.1dþ):
∇×H = jω ¯˙ε ·E + J . (Gþ.7)
AnalÔoume th dianusmatik  exswsh sti trei sunist¸se th kai ti upo-
logzoume sta shmea ìpou orzetai to hlektrikì pedo sthn kuyèlh (i, j, k):
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Parrthma gþ. Diakritopohsh exis¸sewn Maxwell
jω(ε˙xxEx)|i+ 1
2
,j,k + Jx|i+ 1
2
,j,k =
∂Hz
∂y
∣∣∣∣
i+ 1
2
,j,k
− ∂Hy
∂z
∣∣∣∣
i+ 1
2
,j,k
(Gþ.8aþ)
jω(ε˙yyEy)|i,j+ 1
2
,k + Jy|i,j+ 1
2
,k =
∂Hx
∂z
∣∣∣∣
i,j+ 1
2
,k
− ∂Hz
∂x
∣∣∣∣
i,j+ 1
2
,k
(Gþ.8bþ)
jω(ε˙zzEz)|i,j,k+ 1
2
+ Jz|i,j,k+ 1
2
=
∂Hy
∂x
∣∣∣∣
i,j,k+ 1
2
− ∂Hx
∂y
∣∣∣∣
i,j,k+ 1
2
. (Gþ.8gþ)
Proseggzoume ti qwrikè parag¸gou pr¸th txh me peperasmène
diaforè, sÔmfwna me thn exswsh (Bþ.2aþ):
∂Hz
∂y
∣∣∣∣
i+ 1
2
,j,k
≈
Hz|i+ 1
2
,j+ 1
2
,k − Hz|i+ 1
2
,j− 1
2
,k
h
=
H i,j,kz −H i,j−1,kz
h
(Gþ.9aþ)
∂Hy
∂z
∣∣∣∣
i+ 1
2
,j,k
≈
Hy|i+ 1
2
,j,k+ 1
2
− Hy|i+ 1
2
,j,k− 1
2
h
=
H i,j,ky −H i,j,k−1y
h
(Gþ.9bþ)
∂Hx
∂z
∣∣∣∣
i,j+ 1
2
,k
≈
Hx|i,j+ 1
2
,k+ 1
2
− Hx|i,j+ 1
2
,k− 1
2
h
=
H i,j,kx −H i,j,k−1x
h
(Gþ.9gþ)
∂Hz
∂x
∣∣∣∣
i,j+ 1
2
,k
≈
Hz|i+ 1
2
,j+ 1
2
,k − Hz|i− 1
2
,j+ 1
2
,k
h
=
H i,j,kz −H i−1,j,kz
h
(Gþ.9dþ)
∂Hy
∂x
∣∣∣∣
i,j,k+ 1
2
≈
Hy|i+ 1
2
,j,k+ 1
2
− Hy|i− 1
2
,j,k+ 1
2
h
=
H i,j,ky −H i−1,j,ky
h
(Gþ.9eþ)
∂Hx
∂y
∣∣∣∣
i,j,k+ 1
2
≈
Hx|i,j+ 1
2
,k+ 1
2
− Hx|i,j− 1
2
,k+ 1
2
h
=
H i,j,kx −H i,j−1,kx
h
. (Gþ.9þ)
DiakritopoioÔme ti exis¸sei (Gþ.8) antikajist¸nta ti parag¸gou sto
dex mèlo apì ti (Gþ.9) kai ta megèjh sto aristerì apì ti (5.1). ProkÔptoun
oi paraktw ekfrsei pou dnoun to hlektrikì pedo sthn kuyèlh (i, j, k)
sunart sei toÔ hlektrikoÔ reÔmato sthn kuyèlh kai toÔ magnhtikoÔ pedou
sthn dia kai se trei geitonikè kuyèle:
Ei,j,kx =
H i,j,kz −H i,j−1,kz −H i,j,ky +H i,j,k−1y − hJ i,j,kx
h jω
〈
ε˙i,j,kxx
〉
(Gþ.10aþ)
Ei,j,ky =
H i,j,kx −H i,j,k−1x −H i,j,kz +H i−1,j,kz − hJ i,j,ky
h jω
〈
ε˙i,j,kyy
〉
(Gþ.10bþ)
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swsh gia to hlektrikì pedo
Ei,j,kz =
H i,j,ky −H i−1,j,ky −H i,j,kx +H i,j−1,kx − hJ i,j,kz
h jω
〈
ε˙i,j,kzz
〉 . (Gþ.10gþ)
Disdistata probl mata
Akolouj¸nta antstoiqh diadikasa mporoÔme na proume ti paraktw
ekfrsei.
Pìlwsh TM:
Ei,jz =
H i,jy −H i−1,jy −H i,jx +H i,j−1x − hJ i,jz
h jω
〈
ε˙i,jzz
〉 . (Gþ.11)
Pìlwsh TE:
Ei,jx =
H i,jz −H i,j−1z − hJ i,jx
h jω
〈
ε˙i,jxx
〉
(Gþ.12aþ)
Ei,jy =
−H i,jz +H i−1,jz − hJ i,jy
h jω
〈
ε˙i,jyy
〉 . (Gþ.12bþ)
Gþ.3 Kumatik  exswsh gia to hlektrikì pedo
Trisdistata probl mata
AntikajistoÔme to magnhtikì pedo sti exis¸sei (Gþ.10) apì ti (Gþ.4).
ProkÔptoun oi paraktw exis¸sei, gia ti trei sunist¸se toÔ hlektrikoÔ
pedou sthn kuyèlh (i, j, k):
− E
i,j,k−1
x〈
µ˙i,j,k−1yy
〉 + Ei,j,k−1z〈
µ˙i,j,k−1yy
〉 − Ei+1,j,k−1z〈
µ˙i,j,k−1yy
〉 − Ei,j−1,kx〈
µ˙i,j−1,kzz
〉 + Ei,j−1,ky〈
µ˙i,j−1,kzz
〉 − Ei+1,j−1,ky〈
µ˙i,j−1,kzz
〉
+

 1〈
µ˙i,j,kyy
〉 + 1〈
µ˙i,j,k−1yy
〉 + 1〈
µ˙i,j,kzz
〉 + 1〈
µ˙i,j−1,kzz
〉 − h2ω2 〈ε˙i,j,kxx 〉

Ei,j,kx
− E
i,j,k
y〈
µ˙i,j,kzz
〉 − Ei,j,kz〈
µ˙i,j,kyy
〉 + Ei+1,j,ky〈
µ˙i,j,kzz
〉 + Ei+1,j,kz〈
µ˙i,j,kyy
〉 − Ei,j+1,kx〈
µ˙i,j,kzz
〉 − Ei,j,k+1x〈
µ˙i,j,kyy
〉
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hsh exis¸sewn Maxwell
= −h2 jωJ i,j,kx − h

 M i,j,k−1y〈
µ˙i,j,k−1yy
〉 − M i,j−1,kz〈
µ˙i,j−1,kzz
〉 − M i,j,ky〈
µ˙i,j,kyy
〉 + M i,j,kz〈
µ˙i,j,kzz
〉


(Gþ.13aþ)
− E
i,j,k−1
y〈
µ˙i,j,k−1xx
〉 + Ei,j,k−1z〈
µ˙i,j,k−1xx
〉 − Ei,j+1,k−1z〈
µ˙i,j,k−1xx
〉 + Ei−1,j,kx〈
µ˙i−1,j,kzz
〉 − Ei−1,j,ky〈
µ˙i−1,j,kzz
〉 − Ei,j,kx〈
µ˙i,j,kzz
〉
+

 1〈
µ˙i,j,kxx
〉 + 1〈
µ˙i,j,k−1xx
〉 + 1〈
µ˙i,j,kzz
〉 + 1〈
µ˙i−1,j,kzz
〉 − h2ω2 〈ε˙i,j,kyy 〉

Ei,j,ky
− E
i,j,k
z〈
µ˙i,j,kxx
〉 − Ei+1,j,ky〈
µ˙i,j,kzz
〉 − Ei−1,j+1,kx〈
µ˙i−1,j,kzz
〉 + Ei,j+1,kx〈
µ˙i,j,kzz
〉 + Ei,j+1,kz〈
µ˙i,j,kxx
〉 − Ei,j,k+1y〈
µ˙i,j,kxx
〉
= −h2 jωJ i,j,ky − h

− M i,j,k−1x〈
µ˙i,j,k−1xx
〉 + M i−1,j,kz〈
µ˙i−1,j,kzz
〉 + M i,j,kx〈
µ˙i,j,kxx
〉 − M i,j,kz〈
µ˙i,j,kzz
〉


(Gþ.13bþ)
Ei,j−1,ky〈
µ˙i,j−1,kxx
〉 − Ei,j−1,kz〈
µ˙i,j−1,kxx
〉 + Ei−1,j,kx〈
µ˙i−1,j,kyy
〉 − Ei−1,j,kz〈
µ˙i−1,j,kyy
〉 − Ei,j,kx〈
µ˙i,j,kyy
〉 − Ei,j,ky〈
µ˙i,j,kxx
〉
+

 1〈
µ˙i,j,kxx
〉 + 1〈
µ˙i,j−1,kxx
〉 + 1〈
µ˙i,j,kyy
〉 + 1〈
µ˙i−1,j,kyy
〉 − h2ω2 〈ε˙i,j,kzz 〉

Ei,j,kz
− E
i+1,j,k
z〈
µ˙i,j,kyy
〉 − Ei,j+1,kz〈
µ˙i,j,kxx
〉 − Ei,j−1,k+1y〈
µ˙i,j−1,kxx
〉 − Ei−1,j,k+1x〈
µ˙i−1,j,kyy
〉 + Ei,j,k+1x〈
µ˙i,j,kyy
〉 + Ei,j,k+1y〈
µ˙i,j,kxx
〉
= −h2 jωJ i,j,kz − h

 M i,j−1,kx〈
µ˙i,j−1,kxx
〉 − M i−1,j,ky〈
µ˙i−1,j,kyy
〉 − M i,j,kx〈
µ˙i,j,kxx
〉 + M i,j,ky〈
µ˙i,j,kyy
〉

 .
(Gþ.13gþ)
Oi exis¸sei autè perièqoun mìno to hlektrikì pedo. Kaj¸ èqoun pro-
kÔyei apì sunduasmì twn exis¸sewn Faraday kaiMaxwell-Ampe`re, mporoÔme
na jewroÔme ìti prìkeitai gia mia diakritopoihmènh morf  t  kumatik  ex-
swsh toÔ hlektrikoÔ pedou.
Se probl mata skèdash, ta J , M mpore na perièqoun kai epag¸mena
reÔmata, ìpw aut orzontai apì ti exis¸sei (4.12), selda 68. H diakrito-
poihmènh morf  twn hlektrik¸n epag¸menwn reumtwn enai:
J (ind)i,j,kx = jω
〈
c˙i,j,k(e)xx
〉
E(i)i,j,kx (Gþ.14aþ)
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gþ.3. Kumatik  exswsh gia to hlektrikì pedo
J (ind)i,j,ky = jω
〈
c˙i,j,k(e)yy
〉
E(i)i,j,ky (Gþ.14bþ)
J (ind)i,j,kz = jω
〈
c˙i,j,k(e)zz
〉
E(i)i,j,kz (Gþ.14gþ)
en¸ me antstoiqo trìpo upologzoume kai ta diakritopoihmèna magnhtik e-
pag¸mena reÔmata.
Disdistata probl mata
Pìlwsh TM: AntikajistoÔme to magnhtikì pedo sti exis¸sei (Gþ.11)
apì ti (Gþ.5). ProkÔptei h paraktw exswsh, gia th sunist¸sa toÔ hlektri-
koÔ pedou sthn kuyèlh (i, j):
− E
i,j−1
z〈
µ˙i,j−1xx
〉 − Ei−1,jz〈
µ˙i−1,jyy
〉
+

 1〈
µ˙i,jxx
〉 + 1〈
µ˙i,j−1xx
〉 + 1〈
µ˙i,jyy
〉 + 1〈
µ˙i−1,jyy
〉 − h2ω2 〈ε˙i,jzz〉

Ei,jz
− E
i+1,j
z〈
µ˙i,jyy
〉 − Ei,j+1z〈
µ˙i,jxx
〉
= −h2 jωJ i,jz − h

 M i,j−1x〈
µ˙i,j−1xx
〉 − M i−1,jy〈
µ˙i−1,jyy
〉 − M i,jx〈
µ˙i,jxx
〉 + M i,jy〈
µ˙i,jyy
〉

 . (Gþ.15aþ)
Pìlwsh TE: AntikajistoÔme to magnhtikì pedo sti exis¸sei (Gþ.12)
apì ti (Gþ.6). ProkÔptoun oi paraktw exis¸sei, gia ti dÔo sunist¸se
toÔ hlektrikoÔ pedou sthn kuyèlh (i, j):
− E
i,j−1
x〈
µ˙i,j−1zz
〉 + Ei,j−1y〈
µ˙i,j−1zz
〉 − Ei+1,j−1y〈
µ˙i,j−1zz
〉
+

 1〈
µ˙i,jzz
〉 + 1〈
µ˙i,j−1zz
〉 − h2ω2 〈ε˙i,jxx〉

Ei,jx
− E
i,j
y〈
µ˙i,jzz
〉 + Ei+1,jy〈
µ˙i,jzz
〉 − Ei,j+1x〈
µ˙i,jzz
〉
= −h2 jωJ i,jx − h

− M i,j−1z〈
µ˙i,j−1zz
〉 + M i,jz〈
µ˙i,jzz
〉


(Gþ.16aþ)
127
Parrthma gþ. Diakritopohsh exis¸sewn Maxwell
+
Ei−1,jx〈
µ˙i−1,jzz
〉 − Ei−1,jy〈
µ˙i−1,jzz
〉 − Ei,jx〈
µ˙i,jzz
〉
+

 1〈
µ˙i,jzz
〉 + 1〈
µ˙i−1,jzz
〉 − h2ω2 〈ε˙i,jyy〉

Ei,jy
− E
i+1,j
y〈
µ˙i,jzz
〉 − Ei−1,j+1x〈
µ˙i−1,jzz
〉 + Ei,j+1x〈
µ˙i,jzz
〉
= −h2 jωJ i,jy − h

 M i−1,jz〈
µ˙i−1,jzz
〉 − M i,jz〈
µ˙i,jzz
〉

 . (Gþ.16bþ)
Gþ.4 Exswsh Gauss gia to hlektrikì pedo
Trisdistata probl mata
Xanagrfoume thn exswsh (4.1aþ) jewr¸nta kai epag¸mene phgè hle-
ktrikoÔ fortou:
∇ · (ε¯ ·E) = ρ+ ρ(ind) (Gþ.17)
ìpou oi phgè epag¸menwn fortwn dnontai apì th sqèsh (4.10)
2
:
ρ(ind) , −∇ ·
(
c¯(ε) ·E(i)
)
. (Gþ.18)
Upologzoume xeqwrist ta dÔo mèlh t  (Gþ.17) sto shmeo (i, j, k). Gia
to aristerì mèlo èqoume:
[
∇ · (ε¯ ·E)]∣∣
i,j,k
=
∂(εxxEx)
∂x
∣∣∣∣
i,j,k
+
∂(εyyEy)
∂y
∣∣∣∣
i,j,k
+
∂(εzzEz)
∂z
∣∣∣∣
i,j,k
. (Gþ.19)
Proseggzoume ti qwrikè parag¸gou pr¸th txh me peperasmène
diaforè, sÔmfwna me thn exswsh (Bþ.2aþ), kai qrhsimopoioÔme ti sqèsei (5.1):
2
Enai fanerì ìti h ρ(ind) enai mh mhdenik  mìno gia probl mata skèdash.
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∂(εxxEx)
∂x
∣∣∣∣
i,j,k
≈
(εxxEx)|i+ 1
2
,j,k − (εxxEx)|i− 1
2
,j,k
h
=
=
〈
εi,j,kxx
〉
Ei,j,kx −
〈
εi−1,j,kxx
〉
Ei−1,j,kx
h
(Gþ.20aþ)
∂(εyyEy)
∂y
∣∣∣∣
i,j,k
≈
(εyyEy)|i,j+ 1
2
,k − (εyyEy)|i,j− 1
2
,k
h
=
=
〈
εi,j,kyy
〉
Ei,j,ky −
〈
εi,j−1,kyy
〉
Ei,j−1,ky
h
(Gþ.20bþ)
∂(εzzEz)
∂z
∣∣∣∣
i,j,k
≈
(εzzEz)|i,j,k+ 1
2
− (εzzEz)|i,j,k− 1
2
h
=
=
〈
εi,j,kzz
〉
Ei,j,kz −
〈
εi,j,k−1zz
〉
Ei,j,k−1z
h
. (Gþ.20gþ)
Gia to dex mèlo t  (Gþ.17) sto shmeo (i, j, k) èqoume:
ρ|i,j,k =
〈
ρi,j,k
〉
(Gþ.21)
kai
ρ(ind)
∣∣∣
i,j,k
= −
∂
(
c(ε)xxE
(i)
x
)
∂x
∣∣∣∣∣∣
i,j,k
−
∂
(
c(ε)yyE
(i)
y
)
∂y
∣∣∣∣∣∣
i,j,k
−
∂
(
c(ε)zzE
(i)
z
)
∂z
∣∣∣∣∣∣
i,j,k
(Gþ.22)
en¸ oi qwrikè pargwgoi mporoÔn na grafoÔn proseggistik w:
−
∂
(
c(ε)xxE
(i)
x
)
∂x
∣∣∣∣∣∣
i,j,k
≈
(
c(ε)xxE
(i)
x
)∣∣∣
i− 1
2
,j,k
−
(
c(ε)xxE
(i)
x
)∣∣∣
i+ 1
2
,j,k
h
=
=
〈
ci−1,j,k(ε)xx
〉
E
(i)i−1,j,k
x −
〈
ci,j,k(ε)xx
〉
E
(i)i,j,k
x
h
(Gþ.23aþ)
−
∂
(
c(ε)yyE
(i)
y
)
∂y
∣∣∣∣∣∣
i,j,k
≈
(
c(ε)yyE
(i)
y
)∣∣∣
i,j− 1
2
,k
−
(
c(ε)yyE
(i)
y
)∣∣∣
i,j+ 1
2
,k
h
=
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=
〈
ci,j−1,k(ε)yy
〉
E
(i)i,j−1,k
y −
〈
ci,j,k(ε)yy
〉
E
(i)i,j,k
y
h
(Gþ.23bþ)
−
∂
(
c(ε)zzE
(i)
z
)
∂z
∣∣∣∣∣∣
i,j,k
≈
(
c(ε)zzE
(i)
z
)∣∣∣
i,j,k− 1
2
−
(
c(ε)zzE
(i)
z
)∣∣∣
i,j,k+ 1
2
h
=
=
〈
ci,j,k−1(ε)zz
〉
E
(i)i,j,k−1
z −
〈
ci,j,k(ε)zz
〉
E
(i)i,j,k
z
h
. (Gþ.23gþ)
Gþ.5 Klsh t  exswsh Gauss
Trisdistata probl mata
H (Gþ.17) enai bajmwt  kai h diakritopohs  th odhge se mia mìno e-
xswsh. Gia na apokt soume mia dianusmatik  exswsh parnoume thn klsh
t  (Gþ.17):
∇∇ · (ε¯ ·E) =∇
(
ρ+ ρ(ind)
)
. (Gþ.24)
AnalÔoume thn parapnw dianusmatik  exswsh sti trei sunist¸se th
kai ti upologzoume sta shmea ìpou orzetai to hlektrikì pedo sthn kuyèlh
(i, j, k):
∂∇ · (ε¯ ·E)
∂x
∣∣∣∣
i+ 1
2
,j,k
=
∂ρ
∂x
∣∣∣∣
i+ 1
2
,j,k
+
∂ρ(ind)
∂x
∣∣∣∣∣
i+ 1
2
,j,k
(Gþ.25aþ)
∂∇ · (ε¯ ·E)
∂y
∣∣∣∣
i,j+ 1
2
,k
=
∂ρ
∂y
∣∣∣∣
i,j+ 1
2
,k
+
∂ρ(ind)
∂y
∣∣∣∣∣
i,j+ 1
2
,k
(Gþ.25bþ)
∂∇ · (ε¯ ·E)
∂z
∣∣∣∣
i,j,k+ 1
2
=
∂ρ
∂z
∣∣∣∣
i,j,k+ 1
2
+
∂ρ(ind)
∂z
∣∣∣∣∣
i,j,k+ 1
2
. (Gþ.25gþ)
Proseggzoume ti qwrikè parag¸gou me peperasmène diaforè[
∇ · (ε¯ ·E)]∣∣
i+1,j,k
− [∇ · (ε¯ ·E)]∣∣
i,j,k
=
ρ|i+1,j,k − ρ|i,j,k + ρ(ind)
∣∣∣
i+1,j,k
− ρ(ind)
∣∣∣
i,j,k
(Gþ.26aþ)[
∇ · (ε¯ ·E)]∣∣
i,j+1,k
− [∇ · (ε¯ ·E)]∣∣
i,j,k
=
ρ|i,j+1,k − ρ|i,j,k + ρ(ind)
∣∣∣
i,j+1,k
− ρ(ind)
∣∣∣
i,j,k
(Gþ.26bþ)[
∇ · (ε¯ ·E)]∣∣
i,j,k+1
− [∇ · (ε¯ ·E)]∣∣
i,j,k
=
130
gþ.5. Klsh t  exswsh Gauss
ρ|i,j,k+1 − ρ|i,j,k + ρ(ind)
∣∣∣
i,j,k+1
− ρ(ind)
∣∣∣
i,j,k
(Gþ.26gþ)
kai antikajistoÔme ti posìthte sto aristerì mèlo apì ti (Gþ.19), (Gþ.20)
kai sto dex apì ti (Gþ.21), (Gþ.22), (Gþ.23). Parnoume tìte ti paraktw
trei exis¸sei gia to hlektrikì pedo:〈
εi,j,k−1zz
〉
Ei,j,k−1z −
〈
εi+1,j,k−1zz
〉
Ei+1,j,k−1z
+
〈
εi,j−1,kyy
〉
Ei,j−1,ky −
〈
εi+1,j−1,kyy
〉
Ei+1,j−1,ky
+
〈
εi−1,j,kxx
〉
Ei−1,j,kx
− 2
〈
εi,j,kxx
〉
Ei,j,kx −
〈
εi,j,kyy
〉
Ei,j,ky −
〈
εi,j,kzz
〉
Ei,j,kz
+
〈
εi+1,j,kxx
〉
Ei+1,j,kx +
〈
εi+1,j,kyy
〉
Ei+1,j,ky +
〈
εi+1,j,kzz
〉
Ei+1,j,kz
=−
〈
ci,j,k−1(ε)zz
〉
E(i)i,j,k−1z +
〈
ci+1,j,k−1(ε)zz
〉
E(i)i+1,j,k−1z
−
〈
ci,j−1,k(ε)yy
〉
E(i)i,j−1,ky +
〈
ci+1,j−1,k(ε)yy
〉
E(i)i+1,j−1,ky
−
〈
ci−1,j,k(ε)xx
〉
E(i)i−1,j,kx
+ 2
〈
ci,j,k(ε)xx
〉
E(i)i,j,kx +
〈
ci,j,k(ε)yy
〉
E(i)i,j,ky +
〈
ci,j,k(ε)zz
〉
E(i)i,j,kz
−
〈
ci+1,j,k(ε)xx
〉
E(i)i+1,j,kx −
〈
ci+1,j,k(ε)yy
〉
E(i)i+1,j,ky −
〈
ci+1,j,k(ε)zz
〉
E(i)i+1,j,kz
+
〈
ρi+1,j,k
〉
−
〈
ρi,j,k
〉
(Gþ.27aþ)
〈
εi,j,k−1zz
〉
Ei,j,k−1z −
〈
εi,j+1,k−1zz
〉
Ei,j+1,k−1z
+
〈
εi,j−1,kyy
〉
Ei,j−1,ky
+
〈
εi−1,j,kxx
〉
Ei−1,j,kx
−
〈
εi,j,kxx
〉
Ei,j,kx − 2
〈
εi,j,kyy
〉
Ei,j,ky −
〈
εi,j,kzz
〉
Ei,j,kz
−
〈
εi−1,j+1,kxx
〉
Ei−1,j+1,kx
+
〈
εi,j+1,kxx
〉
Ei,j+1,kx +
〈
εi,j+1,kyy
〉
Ei,j+1,ky +
〈
εi,j+1,kzz
〉
Ei,j+1,kz
=−
〈
ci,j,k−1(ε)zz
〉
E(i)i,j,k−1z +
〈
ci,j+1,k−1(ε)zz
〉
E(i)i,j+1,k−1z
−
〈
ci,j−1,k(ε)yy
〉
E(i)i,j−1,ky
−
〈
ci−1,j,k(ε)xx
〉
E(i)i−1,j,kx
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+
〈
ci,j,k(ε)xx
〉
E(i)i,j,kx + 2
〈
ci,j,k(ε)yy
〉
E(i)i,j,ky +
〈
ci,j,k(ε)zz
〉
E(i)i,j,kz
+
〈
ci−1,j+1,k(ε)xx
〉
E(i)i−1,j+1,kx
−
〈
ci,j+1,k(ε)xx
〉
E(i)i,j+1,kx −
〈
ci,j+1,k(ε)yy
〉
E(i)i,j+1,ky −
〈
ci,j+1,k(ε)zz
〉
E(i)i,j+1,kz
+
〈
ρi,j+1,k
〉
−
〈
ρi,j,k
〉
(Gþ.27bþ)〈
εi,j,k−1zz
〉
Ei,j,k−1z +
〈
εi,j−1,kyy
〉
Ei,j−1,ky +
〈
εi−1,j,kxx
〉
Ei−1,j,kx
−
〈
εi,j,kxx
〉
Ei,j,kx −
〈
εi,j,kyy
〉
Ei,j,ky − 2
〈
εi,j,kzz
〉
Ei,j,kz
−
〈
εi,j−1,k+1yy
〉
Ei,j−1,k+1y −
〈
εi−1,j,k+1xx
〉
Ei−1,j,k+1x
+
〈
εi,j,k+1xx
〉
Ei,j,k+1x +
〈
εi,j,k+1yy
〉
Ei,j,k+1y +
〈
εi,j,k+1zz
〉
Ei,j,k+1z
=−
〈
ci,j,k−1(ε)zz
〉
E(i)i,j,k−1z −
〈
ci,j−1,k(ε)yy
〉
E(i)i,j−1,ky −
〈
ci−1,j,k(ε)xx
〉
E(i)i−1,j,kx
+
〈
ci,j,k(ε)xx
〉
E(i)i,j,kx +
〈
ci,j,k(ε)yy
〉
E(i)i,j,ky + 2
〈
ci,j,k(ε)zz
〉
E(i)i,j,kz
+
〈
ci,j−1,k+1(ε)yy
〉
E(i)i,j−1,k+1y +
〈
ci−1,j,k+1(ε)xx
〉
E(i)i−1,j,k+1x
−
〈
ci,j,k+1(ε)xx
〉
E(i)i,j,k+1x −
〈
ci,j,k+1(ε)yy
〉
E(i)i,j,k+1y −
〈
ci,j,k+1(ε)zz
〉
E(i)i,j,k+1z
+
〈
ρi,j,k+1
〉
−
〈
ρi,j,k
〉
. (Gþ.27gþ)
Disdistata probl mata
Pìlwsh TM: Den uprqei sqetik  exswsh.
Pìlwsh TE: Parnoume dÔo exis¸sei, gia ti sunist¸se toÔ hlektrikoÔ
pedou. 〈
εi,j−1yy
〉
Ei,j−1y −
〈
εi+1,j−1yy
〉
Ei+1,j−1y
+
〈
εi−1,jxx
〉
Ei−1,jx
− 2 〈εi,jxx〉Ei,jx − 〈εi,jyy〉Ei,jy
+
〈
εi+1,jxx
〉
Ei+1,jx +
〈
εi+1,jyy
〉
Ei+1,jy
=−
〈
ci,j−1(ε)yy
〉
E(i)i,j−1y +
〈
ci+1,j−1(ε)yy
〉
E(i)i+1,j−1y
−
〈
ci−1,j(ε)xx
〉
E(i)i−1,jx
+ 2
〈
ci,j(ε)xx
〉
E(i)i,jx +
〈
ci,j(ε)yy
〉
E(i)i,jy
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−
〈
ci+1,j(ε)xx
〉
E(i)i+1,jx −
〈
ci+1,j(ε)yy
〉
E(i)i+1,jy
+
〈
ρi+1,j
〉− 〈ρi,j〉 (Gþ.28aþ)〈
εi,j−1yy
〉
Ei,j−1y
+
〈
εi−1,jxx
〉
Ei−1,jx
− 〈εi,jxx〉Ei,jx − 2 〈εi,jyy〉Ei,jy
− 〈εi−1,j+1xx 〉Ei−1,j+1x
+
〈
εi,j+1xx
〉
Ei,j+1x +
〈
εi,j+1yy
〉
Ei,j+1y
=−
〈
ci,j−1(ε)yy
〉
E(i)i,j−1y
−
〈
ci−1,j(ε)xx
〉
E(i)i−1,jx
+
〈
ci,j(ε)xx
〉
E(i)i,jx + 2
〈
ci,j(ε)yy
〉
E(i)i,jy
+
〈
ci−1,j+1(ε)xx
〉
E(i)i−1,j+1x
−
〈
ci,j+1(ε)xx
〉
E(i)i,j+1x −
〈
ci,j+1(ε)yy
〉
E(i)i,j+1y
+
〈
ρi,j+1
〉− 〈ρi,j〉 . (Gþ.28bþ)
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Parrthma Dþ
Katstrwsh grammikoÔ
sust mato peperasmènwn
diafor¸n
Sto parrthma autì parousizoume th mèjodo peperasmènwn diafor¸n me
formalismì pinkwn. Gia ìla ta dianÔsmata kai tou pnake qrhsimopoioÔme
thn arjmhsh pou orsthke sti exis¸sei (5.5) kai (5.8), selda 76. Arqik
orzoume bohjhtikoÔ pnake kai sth sunèqeia grfoume ta apotelèsmata toÔ
parart mato Gþ sthn epijumht  morf .
Dþ.1 Orismì pinkwn mèsh tim 
Trisdistata probl mata
Grfoume ti exis¸sei (5.2), (5.3) se morf  pinkwn:
〈ε〉 = Veε (Dþ.1)
〈µ〉 = Vmµ. (Dþ.2)
Oi pnake Ve, Vm enai N ×N , arai  morf , me tèssera kai dÔo, ant-
stoiqa, stoiqea an gramm . 'Ola ta stoiqea brskontai se eft kai tèsseri
diagwnou, antstoiqa. Oi pnake apoteloÔntai apì epanalambanìmene tri-
de gramm¸n. Oi grammè me arijmoÔ lw = l(w, i, j, k), (w = 1, 2, 3) dnontai
apì ti sqèsei (Dþ.10), (Dþ.11) (selda 137).
1
Oi dekte ktw apì ti agkÔ-
le prosdiorzoun th st lh ìpou an kei kje stoiqeo.
1
Upenjumzetai ìti me Al,∗ sumbolzetai to dinusma-st lh pou prokÔptei apì th gramm 
l toÔ pnaka A.
Parrthma dþ. Katstrwsh grammikoÔ sust mato
O pollaplasiasmì toÔ pnaka Ve me èna dinusma hlektrik¸n paramètrwn
(ε, σ, ε˙, cε, cσ, c˙e) dnei to dinusma twn mèswn tim¸n twn paramètrwn.
Anloga isqÔoun kai gia ton pollaplasiasmì toÔ pnaka Vm me èna di-
nusma magnhtik¸n paramètrwn (µ, σ∗, µ˙, cµ, cσ∗ , c˙m).
H exswsh (5.4) se morf  pinkwn dnei:
〈ρ〉 = Vρρ. (Dþ.3)
O pnakaVρ enai arai  morf , me oqt¸ mh mhdenik stoiqea an gramm 
kai diastsei (N/3) × (N/3). Gia th gramm  me arijmì p isqÔei:
Vρp,∗
T =
1
8
(· · · 1︸︷︷︸
p−1−Nx−NxNy
1︸︷︷︸
p−Nx−NxNy
· · · 1︸︷︷︸
p−1−NxNy
1︸︷︷︸
p−NxNy
· · ·
· · · 1︸︷︷︸
p−1−Nx
1︸︷︷︸
p−Nx
· · · 1︸︷︷︸
p−1
1︸︷︷︸
p
· · · ). (Dþ.4)
O pnaka Vρ, ìtan pollaplasisei èna dinusma tim¸n bajmwtoÔ pedou
(ρ, ρs, ρind), dnei to dinusma twn mèswn tim¸n.
Disdistata probl mata
Oi pnake mèswn tim¸n dnontai apì ti paraktw sqèsei.
Vρp,∗
T =
1
4
(· · · 1︸︷︷︸
p−1−Nx
1︸︷︷︸
p−Nx
· · · 1︸︷︷︸
p−1
1︸︷︷︸
p
· · · ). (Dþ.5)
Pìlwsh TM: N = NxNy
Ve = IN (Dþ.6)
(
Vml1,∗
T
Vml2,∗
T
)
=
1
2


· · · 0 0 · · · 1︸︷︷︸
l1−2
0 1︸︷︷︸
l1
0 · · ·
· · · 0 1︸︷︷︸
l2−2Nx
· · · 0 0 0 1︸︷︷︸
l2
· · ·


(Dþ.7)
Pìlwsh TE: N = 2NxNy
(
Vel1,∗
T
Vel2,∗
T
)
=
1
2


· · · 1︸︷︷︸
l1−2Nx
0 · · · 0 0 1︸︷︷︸
l1
0 · · ·
· · · 0 0 · · · 0 1︸︷︷︸
l2−2
0 1︸︷︷︸
l2
· · ·


(Dþ.8)
Vm = IN/2 (Dþ.9)
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
Vel1,∗TVel2,∗T
Vel3,∗
T

 = 1
4


· · · 1︸︷︷︸
l1−3Nx−3NxNy
0 0 · · · 0 0 0 1︸︷︷︸
l1−3NxNy
0 0 · · ·
· · · 0 0 0 · · · 0 1︸︷︷︸
l2−3−3NxNy
0 0 1︸︷︷︸
l2−3NxNy
0 · · ·
· · · 0 0 0 · · · 0 0 0 0 0 0 · · ·
· · · 0 0 0 1︸︷︷︸
l1−3Nx
0 0 · · · 0 0 0 1︸︷︷︸
l1
0 0 · · ·
· · · 0 0 0 0 0 0 · · · 0 1︸︷︷︸
l2−3
0 0 1︸︷︷︸
l2
0 · · ·
· · · 0 0 1︸︷︷︸
l3−3−3Nx
0 0 1︸︷︷︸
l3−3Nx
· · · 0 0 1︸︷︷︸
l3−3
0 0 1︸︷︷︸
l3
· · ·

 (Dþ.10)

Vml1,∗TVml2,∗T
Vml3,∗
T

 = 1
2


· · · 0 0 0 · · · 0 0 0 · · · 1︸︷︷︸
l1−3
0 0 1︸︷︷︸
l1
0 0 · · ·
· · · 0 0 0 · · · 0 1︸︷︷︸
l2−3Nx
0 · · · 0 0 0 0 1︸︷︷︸
l2
0 · · ·
· · · 0 0 1︸︷︷︸
l3−3NxNy
· · · 0 0 0 · · · 0 0 0 0 0 1︸︷︷︸
l3
· · ·

 (Dþ.11)
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Dþ.2 Exswsh Faraday
Anexrthta apì ti diastsei toÔ probl mato kai thn pìlwsh, oi exi-
s¸sei (Gþ.4) (3D), (Gþ.5) (2D-TM), (Gþ.6) (2D-TE), mporoÔn na grafoÔn se
morf  grammikoÔ sust mato:
jωdiag(〈µ˙〉)h = −Aee−m
  isodÔnama:
Aee = − jωdiag(〈µ˙〉)h−m. (Dþ.12)
Sugkrnonta thn (Dþ.12) me thn (4.1gþ) (selda 63) blèpoume ìti o pnaka
Ae mpore na jewrhje anaparstash toÔ telest  toÔ strobilismoÔ.
Trisdistata probl mata
O Ae dnetai apì th sqèsh (Dþ.15) (selda 139). Enai pnaka N × N
(N = 3NxNyNz) arai  morf  kai kje gramm  perièqei tèssera mh mhdenik
stoiqea. 'Ola ta mh mhdenik stoiqea brskontai se enni diagwnou, en¸ h
kÔria diag¸nio èqei mìno mhdenik.
Disdistata probl mata
Pìlwsh TM: O Ae dnetai apì th sqèsh (Dþ.13). Enai pnaka 2N ×N
(N = NxNy) arai  morf  kai kje gramm  perièqei dÔo mh mhdenik stoiqea.
'Ola ta mh mhdenik stoiqea brskontai se trei diagwnou.
(
Ael1,∗
T
Ael2,∗
T
)
=
1
h


· · · −1︸︷︷︸
p
0 · · · +1︸︷︷︸
p+Nx
· · ·
· · · +1︸︷︷︸
p
−1︸︷︷︸
p+1
· · · 0 · · ·

 . (Dþ.13)
Pìlwsh TE: O Ae dnetai apì th sqèsh (Dþ.14). Enai pnaka N/2×N
(N = 2NxNy) arai  morf  kai kje gramm  perièqei tèssera mh mhdenik
stoiqea. 'Ola ta mh mhdenik stoiqea brskontai se tèsseri diagwnou.
(
Aep,∗T
)
=
1
h
( · · · +1︸︷︷︸
l1
−1︸︷︷︸
l2
0 +1︸︷︷︸
l2+2
· · · −1︸︷︷︸
l1+2Nx
0 · · · )
.
(Dþ.14)
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
Ael1,∗TAel2,∗T
Ael3,∗
T

 = 1
h


· · · 0 +1︸︷︷︸
l1+1
−1︸︷︷︸
l1+2
0 0 0 · · · 0 0 +1︸︷︷︸
l1+2+3Nx
· · · 0 −1︸︷︷︸
l1+1+3NxNy
0 · · ·
· · · −1︸︷︷︸
l2−1
0 +1︸︷︷︸
l2+1
0 0 −1︸︷︷︸
l2+4
· · · 0 0 0 · · · +1︸︷︷︸
l2−1+3NxNy
0 0 · · ·
· · · +1︸︷︷︸
l3−2
−1︸︷︷︸
l3−1
0 0 +1︸︷︷︸
l3+2
0 · · · −1︸︷︷︸
l3−2+3Nx
0 0 · · · 0 0 0 · · ·


(Dþ.15)

Ahl1,∗TAhl2,∗T
Ahl3,∗
T

 = 1
h


· · · 0 +1︸︷︷︸
l1+1−3NxNy
0 · · · 0 0 −1︸︷︷︸
l1+2−3Nx
· · · 0 0 0 0 −1︸︷︷︸
l1+1
+1︸︷︷︸
l1+2
· · ·
· · · −1︸︷︷︸
l2−1−3NxNy
0 0 · · · 0 0 0 · · · 0 0 +1︸︷︷︸
l2−2
+1︸︷︷︸
l2−1
0 −1︸︷︷︸
l2+1
· · ·
· · · 0 0 0 · · · +1︸︷︷︸
l3−2−3Nx
0 0 · · · 0 −1︸︷︷︸
l3−4
0 −1︸︷︷︸
l3−2
+1︸︷︷︸
l3−1
0 · · ·


(Dþ.16)
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Dþ.3 Exswsh Maxwell-Ampe`re
Oi exis¸sei (Gþ.10) (3D), (Gþ.11) (2D-TM), (Gþ.12) (2D-TE), mporoÔn na
grafoÔn se morf  grammikoÔ sust mato:
jωdiag(〈ε˙〉)e = Ahh− j
  isodÔnama:
Ahh = jωdiag(〈ε˙〉)e+ j. (Dþ.17)
H parapnw exswsh enai to anlogo t  (4.1dþ) (selda 63) se morf 
grammikoÔ sust mato.
Trisdistata probl mata
O pnaka Ah dnetai apì th sqèsh (Dþ.16) (selda 139). Apì ti (Dþ.15),
(Dþ.16) prokÔptei ìti:
Ah = Ae
T .
Disdistata probl mata
Pìlwsh TM: O Ah dnetai apì th sqèsh (Dþ.18). Enai pnaka N × 2N
(N = NxNy) arai  morf  kai kje gramm  perièqei tèssera mh mhdenik
stoiqea. 'Ola ta mh mhdenik stoiqea brskontai se tèsseri diagwnou.
(
Ahp,∗T
)
=
1
h
( · · · +1︸︷︷︸
l1−2Nx
0 · · · 0 −1︸︷︷︸
l2−2
−1︸︷︷︸
l1
+1︸︷︷︸
l2
)
. (Dþ.18)
Apì thn parapnw sqèsh kai thn (Dþ.13) prokÔptei ìti:
Ah = Ae
T .
Pìlwsh TE: O Ah dnetai apì th sqèsh (Dþ.19). Enai pnaka N ×
N/2 (N = 2NxNy) arai  morf  kai kje gramm  perièqei dÔo mh mhdenik
stoiqea. 'Ola ta mh mhdenik stoiqea brskontai se tèsseri diagwnou.
(
Ahl1,∗
T
Ahl2,∗
T
)
=
1
h


· · · −1︸︷︷︸
p−Nx
· · · 0 +1︸︷︷︸
p
· · ·
· · · 0 · · · +1︸︷︷︸
p−1
−1︸︷︷︸
p
· · ·

 . (Dþ.19)
Apì thn parapnw sqèsh kai thn (Dþ.14) prokÔptei ìti kai gi aut  thn
perptwsh:
Ah = Ae
T .
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Dþ.4 Kumatik  exswsh gia to hlektrikì pedo
Apì ti exis¸sei (Dþ.12), (Dþ.17), me apaloif  toÔ dianÔsmato twn tim¸n
toÔ magnhtikoÔ pedou, prokÔptei h paraktw sqèsh:[
Ae
Tdiag(〈µ˙〉)−1Ae − ω2diag(〈ε˙〉)
]
e = − jωj− AeTdiag(〈µ˙〉)−1m .
(Dþ.20)
Dþ.5 Klsh t  exswsh Gauss
Oi exis¸sei (Gþ.27) (3D) kai (Gþ.28) (2D-TE) mporoÔn na grafoÔn se
morf  grammikoÔ sust mato:
Agdiag(〈ε〉)e = −Agdiag(〈cε〉)ei −Aρ〈ρ〉. (Dþ.21)
Trisdistata probl mata
O pnaka Ag dnetai apì th sqèsh (Dþ.24) (selda 143). Enai pnaka
N × N arai  morf . Kje gramm  perièqei ènteka mh mhdenik stoiqea.
'Ola ta mh mhdenik stoiqea brskontai se ekosi oqt¸ diagwnou. 'Opw
prokÔptei apì th dom  toÔ pnaka, o Ag enai summetrikì, dhlad  isqÔei:
Ag
T = Ag.
O Aρ enai pnaka N×(N/3) arai  morf . Kje gramm  perièqei dÔo mh
mhdenik stoiqea. 'Ola ta mh mhdenik stoiqea brskontai se èxi diagwnou.
Sthn paraktw sqèsh, pou orzei ton pnaka Aρ, oi dekte l1, l2, l3 kai p
aforoÔn ti die timè twn i, j, k.

Aρl1,∗
T
Aρl2,∗
T
Aρl3,∗
T

 =


· · · +1︸︷︷︸
p
−1︸︷︷︸
p+1
· · · 0 · · · 0 · · ·
· · · +1︸︷︷︸
p
0 · · · −1︸︷︷︸
p+Nx
· · · 0 · · ·
· · · +1︸︷︷︸
p
0 · · · 0 · · · −1︸︷︷︸
p+NxNy
· · ·

 .
(Dþ.22)
Disdistata probl mata
Pìlwsh TM: Den uprqei sqetik  exswsh, gi autì jewroÔme:
Ag = 0
Aρ = 0.
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Pìlwsh TE: O pnaka Ag dnetai apì th sqèsh (Dþ.25) (selda 144).
Enai pnaka N ×N arai  morf . Kje gramm  perièqei eft mh mhdenik
stoiqea. 'Ola ta mh mhdenik stoiqea brskontai se dekatre diagwnou. O
Ag enai summetrikì:
Ag
T = Ag.
O Aρ enai pnaka N × (N/2) arai  morf . Kje gramm  perièqei dÔo
mh mhdenik stoiqea. 'Ola ta mh mhdenik stoiqea brskontai se tèsseri
diagwnou.
(
Aρl1,∗
T
Aρl2,∗
T
)
=


· · · +1︸︷︷︸
p
−1︸︷︷︸
p+1
· · · 0 · · ·
· · · +1︸︷︷︸
p
0 · · · −1︸︷︷︸
p+Nx
· · ·

 . (Dþ.23)
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
Agl1,∗
T
Agl2,∗
T
Agl3,∗
T

 =


· · · 0 0 +1︸︷︷︸
l1+2−3NxNy
0 0 −1︸︷︷︸
l1+5−3NxNy
· · · 0 0 0 · · ·
· · · 0 0 +1︸︷︷︸
l2+1−3NxNy
0 0 0 · · · 0 0 −1︸︷︷︸
l2+1+3Nx−3NxNy
· · ·
· · · 0 0 +1︸︷︷︸
l3−3NxNy
0 0 0 · · · 0 0 0 · · ·
· · · 0 +1︸︷︷︸
l1+1−3Nx
0 0 −1︸︷︷︸
l1+4−3Nx
0 · · · +1︸︷︷︸
l1−3
0 0 −2︸︷︷︸
l1
−1︸︷︷︸
l1+1
−1︸︷︷︸
l1+2
+1︸︷︷︸
l1+3
+1︸︷︷︸
l1+4
+1︸︷︷︸
l1+5
· · · 0 0 0
· · · 0 +1︸︷︷︸
l2−3Nx
0 0 0 0 · · · +1︸︷︷︸
l2−4
0 0 −1︸︷︷︸
l2−1
−2︸︷︷︸
l2
−1︸︷︷︸
l2+1
0 0 0 · · · −1︸︷︷︸
l2−4+3Nx
0 0
· · · 0 +1︸︷︷︸
l3−1−3Nx
0 0 0 0 · · · +1︸︷︷︸
l3−5
0 0 −1︸︷︷︸
l3−2
−1︸︷︷︸
l3−1
−2︸︷︷︸
l3
0 0 0 · · · 0 0 0
0 0 0 · · · 0 0 0 · · · 0 0 0 0 0 0 · · ·
+1︸︷︷︸
l2−1+3Nx
+1︸︷︷︸
l2+3Nx
+1︸︷︷︸
l2+1+3Nx
· · · 0 0 0 · · · 0 0 0 0 0 0 · · ·
0 0 0 · · · 0 −1︸︷︷︸
l3−1−3Nx+3NxNy
0 · · · −1︸︷︷︸
l3−5+3NxNy
0 0 +1︸︷︷︸
l3−2+3NxNy
+1︸︷︷︸
l3−1+3NxNy
+1︸︷︷︸
l3+3NxNy
· · ·


(Dþ.24)
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(
Agl1,∗
T
Agl2,∗
T
)
=


· · · 0 +1︸︷︷︸
l1+1−2Nx
0 −1︸︷︷︸
l1+3−2Nx
· · · +1︸︷︷︸
l1−2
0 −2︸︷︷︸
l1
−1︸︷︷︸
l1+1
· · · 0 +1︸︷︷︸
l2−2Nx
0 0 · · · +1︸︷︷︸
l2−2
0 −1︸︷︷︸
l2−1
−2︸︷︷︸
l2
+1︸︷︷︸
l1+2
+1︸︷︷︸
l1+3
· · · 0 0 0 0 · · ·
0 0 · · · −1︸︷︷︸
l2−3+2Nx
0 +1︸︷︷︸
l2−1+2Nx
+1︸︷︷︸
l2+2Nx
· · ·

 (Dþ.25)
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Parrthma Eþ
Pnake periorismènh
tautìthta
Eþ.1 Orismì kai idiìthte
JewroÔme to sÔnolo N twn fusik¸n arijm¸n apì 1 w N :
N = {n : 1 ≤ n ≤ N}
kai èna uposÔnolì tou A ⊆ N. Sumbolzoume me A to sumplhrwmatikì sÔnolo
toÔ A w pro to N, dhlad  A ∪A = N kai A ∩A = ∅.
O pnaka periorismènh tautìthta IA orzetai w o diag¸nio pnaka,
diastsewn N ×N , gia ton opoo isqÔei:
IAij ,


0 i = j ∈ A
1 i = j 6∈ A
0 i 6= j
. (Eþ.1)
Apì ton parapnw orismì prokÔptei ìti o pnaka IA (o opoo qrhsimo-
poie to sÔnolo A) enai sumplhrwmatikì toÔ IA me thn akìloujh ènnoia:
IA + IA = I
ìpou I o N ×N monadiao pnaka.
Oi pnake periorismènh tautìthta (diwn diastsewn) antimetatjentai.
'Opw prokÔptei apì ton orismì, gia to ginìmeno M pinkwn isqÔei:
IA1IA2 . . . IAM = IA1∪A2∪...∪AM , IA1A2...AM
Parrthma eþ. Pnake periorismènh tautìthta
en¸ orzoume ton antstoiqo sumplhrwmatikì pnaka w:
IA1A2...AM , IA1∪A2∪...∪AM = I− IA1A2...AM .
O pollaplasiasmì enì pnaka B, diastsewn N × N , apì arister me
ton pnaka IA èqei w apotèlesma to mhdenismì twn gramm¸n toÔ B twn opown
oi arijmo an koun sto sÔnolo A:
B′ = IAB
B′i,∗ =
{
0 i ∈ A
Bi,∗ i 6∈ A
(Eþ.2)
en¸ o pollaplasiasmì apì dexi èqei w apotèlesma to mhdenismì twn sth-
l¸n:
B′ = BIA
B′∗,j =
{
0 j ∈ A
B∗,j j 6∈ A
. (Eþ.3)
Gia èna dinusma b, m kou N , orzetai mìno o pollaplasiasmì apì ari-
ster me ton pnaka IA. To apotèlesma toÔ pollaplasiasmoÔ enai o mhdeni-
smì twn stoiqewn toÔ b twn opown oi arijmo an koun sto sÔnolo A:
b′ = IAb
b
′
i =
{
0 i ∈ A
bi i 6∈ A
. (Eþ.4)
O pnaka IA kai o sumplhrwmatikì tou IA mporoÔn na sunduastoÔn
gia pio perploke tropopoi sei, ìpw gia pardeigma o mhdenismì gram-
m¸n/sthl¸n enì pnaka kai h antikatstash twn antstoiqwn diag¸niwn stoi-
qewn apì th monda:
B′ = IA + IABIA
B
′
ij =


0 i ∈ A   j ∈ A
1 i = j ∈ A
Bij i 6∈ A kai j 6∈ A
. (Eþ.5)
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Eþ.2 Pnaka exwterikoÔ agwgoÔ
JewroÔme to sÔnolo C ⊆ N to opoo perilambnei tou dekte ìlwn twn
sunistws¸n hlektrikoÔ pedou oi opoe enai efaptomenikè ston exwterikì
hlektrikì agwgì   brskontai sto eswterikì autoÔ. Gia thn trisdistath
perptwsh pou parousizoume ed¸, h arjmhsh twn sunistws¸n gnetai pnta
sÔmfwna me thn exswsh (5.5) (selda 75). To sÔnolo C mpore na grafe
w ènwsh èxi sunìlwn, to kajèna apì ta opoa anafèretai se mia pleur toÔ
exwterikoÔ agwgoÔ:
C = Cl ∪ Cf ∪ Cd ∪ Cr ∪ Cb ∪ Cu (Eþ.6)
ìpou:
C
l = {l(w, i, j, k) : w = 2, 3 , i = 1} (Eþ.7aþ)
C
f = {l(w, i, j, k) : w = 1, 3 , j = 1} (Eþ.7bþ)
C
d = {l(w, i, j, k) : w = 1, 2 , k = 1} (Eþ.7gþ)
C
r = {l(w, i, j, k) : w = 1, 2, 3 , i = Nx} (Eþ.7dþ)
C
b = {l(w, i, j, k) : w = 1, 2, 3 , j = Ny} (Eþ.7eþ)
C
u = {l(w, i, j, k) : w = 1, 2, 3 , k = Nz} . (Eþ.7þ)
Antstoiqa orzoume to sÔnolo Cn ⊆ N to opoo perilambnei tou de-
kte ìlwn twn sunistws¸n hlektrikoÔ pedou oi opoe enai kjete ston
exwterikì hlektrikì agwgì:
Cn = C
l
n ∪ Cfn ∪ Cdn ∪ Crn ∪ Cbn ∪ Cun (Eþ.8)
ìpou:
C
l
n = {l(w, i, j, k) : w = 1 , i = 1} (Eþ.9aþ)
C
f
n = {l(w, i, j, k) : w = 2 , j = 1} (Eþ.9bþ)
C
d
n = {l(w, i, j, k) : w = 3 , k = 1} (Eþ.9gþ)
C
r
n = {l(w, i, j, k) : w = 1 , i = Nx − 1} (Eþ.9dþ)
C
b
n = {l(w, i, j, k) : w = 2 , j = Ny − 1} (Eþ.9eþ)
C
u
n = {l(w, i, j, k) : w = 3 , k = Nz − 1} . (Eþ.9þ)
Oi pnake periorismènh tautìthta IC, IC kai ICn anafèrontai apoklei-
stik ston tèleio hlektrikì agwgì pou perikleei ton upologistikì q¸ro.
Oi parapnw pnake mporoÔn na oristoÔn kai gia disdistate (2D-TM,
2D-TE) gewmetre me profan  trìpo.
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Eþ.3 Pnaka eswterik¸n agwg¸n
JewroÔme to sÔnolo M ⊆ N, to opoo perilambnei tou dekte ìlwn
twn sunistws¸n hlektrikoÔ pedou oi opoe enai efaptomenikè   brskontai
sto eswterikì tèleiwn hlektrik¸n agwg¸n toÔ upologistikoÔ q¸rou. Epsh
jewroÔme to sÔnolo Mn ⊆ N pou perilambnei tou dekte ìlwn twn suni-
stws¸n hlektrikoÔ pedou oi opoe enai kjete stou tèleiou hlektrikoÔ
agwgoÔ toÔ upologistikoÔ q¸rou. Oi pnake periorismènh tautìthta IM,
IM kai IMn anafèrontai apokleistik stou tèleiou hlektrikoÔ agwgoÔ pou
brskontai sto eswterikì toÔ upologistikoÔ q¸rou.
Eþ.4 Pnaka efarmosmènwn dunamik¸n
JewroÔme to sÔnolo V ⊆ N, to opoo perilambnei tou dekte ìlwn
twn sunistws¸n hlektrikoÔ pedou gia ti opoe efarmìzontai sugkekrimène
timè dunamikoÔ. Me bsh to sÔnolo V orzoume tou pnake periorismènh
tautìthta IV kai IV.
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Parrthma þ
Arijmhtik  olokl rwsh
þ.1 Apl  olokl rwsh
'Estw mia sunrthsh f(x) t  opoa gnwrzoume ti timè sta shmea
xi = x0 + ih. Sumbolzoume me fi , f(xi). To olokl rwma t  f mpore na
proseggiste me ton paraktw trìpo (Press et al., 1992):
I1 =
∫ xN
x1
f(x) dx ≈ h
N∑
i=1
(sN )ifi = hs
T
Nf (þ.1)
ìpou
f =
(
f1 f2 · · · fN
)T
kai, anloga me thn txh t  prosèggish, ta brh parnoun ti timè:
sN =
(1
2
1 · · · 1︸︷︷︸
N−1
1
2︸︷︷︸
N
)T
deÔterh txh (þ.2aþ)
sN =
( 5
12
13
12
1 · · · 1︸︷︷︸
N−2
13
12︸︷︷︸
N−1
5
12︸︷︷︸
N
)T
trth txh (þ.2bþ)
sN =
(3
8
7
6
23
24
1 · · · 1︸︷︷︸
N−3
23
24︸︷︷︸
N−2
7
6︸︷︷︸
N−1
3
8︸︷︷︸
N
)T
tètarth txh. (þ.2gþ)
Parrthma þ. Arijmhtik  olokl rwsh
þ.2 Dipl  olokl rwsh
'Estw mia sunrthsh f(x, y) t  opoa gnwrzoume ti timè sta shmea
(xi, yj) ìpou xi = x0+ihx kai yj = y0+jhy. Sumbolzoume me fij , f(xi, yj).
To diplì olokl rwma t  f mpore na proseggiste me ton paraktw trìpo:
I2 =
∫∫ (xN ,yM )
(x1,y1)
f(x, y) dxdy =
∫ yM
y1
(∫ xN
x1
f(x, y) dx
)
dy
≈
∫ yM
y1
(
hx
N∑
i=1
(sN )ifij
)
dy
≈ hxhy
N∑
i=1
M∑
j=1
(sN )i(sM )jfij = hxhys
T
N F sM
(þ.3)
ìpou ta stoiqea toÔ pnaka F, diastsewn N ×M , enai oi timè fij.
To olokl rwma I2 mpore na grafe kai sthn akìloujh morf :
I2 ≈ hxhy
N∑
i=1
M∑
j=1
(dNM )ijfij (þ.4)
ìpou ta brh (dNM )ij = (sN )i(sM )j enai ta stoiqea toÔ pnaka DNM, dia-
stsewn N ×M , o opoo dnetai apì th sqèsh:
DNM = sN s
T
M. (þ.5)
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Parrthma Zþ
Olokl rwma Kirchhoff
Ja proseggsoume to olokl rwma t  exswsh (5.40) (selda 89) me
diakrit ajrosmata.
A upojèsoume ìti oi kìmboi (i1, j1, k1) kai (i2, j2, k2) orzoun ènan kÔ-
bo pou perikleei ìle ti phgè. Epeid  oi trei sunist¸se toÔ pedou den
enai orismène sto dio shmeo, qrhsimopoioÔme trei kÔbou, elafr¸ meta-
topismènou metaxÔ tou, gia ton upologismì toÔ oloklhr¸mato Kirchhoff.
Gia ton upologismì t  sunist¸sa Ex qrhsimopoietai h epifneia toÔ kÔbou
me korufè sta shmea (i1 +
1
2 , j1, k1)h kai (i2 +
1
2 , j2, k2)h. Antstoiqa, gia
ton upologismì t  Ey qrhsimopoietai h epifneia toÔ kÔbou me korufè sta
shmea (i1, j1 +
1
2 , k1)h kai (i2, j2 +
1
2 , k2)h kai gia thn Ez qrhsimopoietai h
epifneia toÔ kÔbou me korufè sta (i1, j1, k1 +
1
2)h kai (i2, j2, k2 +
1
2)h.
Oi kateujuntikè pargwgoi pr¸th txh t  sqèsh (5.40) prosegg-
zontai me peperasmène diaforè, sÔmfwna me thn exswsh (Bþ.2aþ) (selda
119).
Upologzoume to makrinì pedo sto shmeo rf = xf xˆ+ yf yˆ + zf zˆ. SÔm-
fwna me ta apotelèsmata toÔ Parart mato þ (sqèsh (þ.4), selda 150), to
epifaneiakì olokl rwma (5.40) gia ti trei sunist¸se toÔ hlektrikoÔ pedou
mpore na grafe proseggistik sthn paraktw morf :
Ev(rf ) =− 1
4π
j2∑
j=j1
k2∑
k=k1
(dx)jk
e−jkR
i1,j,k
v,f
Ri1,j,kv,f
[
Ei1−1,j,kv − Ei1+1,j,kv
2h
−
−
(
jk +
1
Ri1,j,kv,f
)
1
Ri1,j,kv,f
Ri1,j,kv,f · (−xˆ)Ei1,j,kv
]
h2 −
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− 1
4π
j2∑
j=j1
k2∑
k=k1
(dx)jk
e−jkR
i2,j,k
v,f
Ri2,j,kv,f
[
Ei2+1,j,kv −Ei2−1,j,kv
2h
−
−
(
jk +
1
Ri2,j,kv,f
)
1
Ri2,j,kv,f
Ri2,j,kv,f · (+xˆ)Ei2,j,kv
]
h2 −
− 1
4π
i2∑
i=i1
k2∑
k=k1
(dy)ik
e−jkR
i,j1,k
v,f
Ri,j1,kv,f
[
Ei,j1−1,kv − Ei,j1+1,kv
2h
−
−
(
jk +
1
Ri,j1,kv,f
)
1
Ri,j1,kv,f
R
i,j1,k
v,f · (−yˆ)Ei,j1,kv
]
h2 −
− 1
4π
i2∑
i=i1
k2∑
k=k1
(dy)ik
e−jkR
i,j2,k
v,f
Ri,j2,kv,f
[
Ei,j2+1,kv − Ei,j2−1,kv
2h
−
−
(
jk +
1
Ri,j2,kv,f
)
1
Ri,j2,kv,f
Ri,j2,kv,f · (+yˆ)Ei,j2,kv
]
h2 −
− 1
4π
i2∑
i=i1
j2∑
j=j1
(dz)ij
e−jkR
i,j,k1
v,f
Ri,j,k1v,f
[
Ei,j,k1−1v − Ei,j,k1+1v
2h
−
−
(
jk +
1
Ri,j,k1v,f
)
1
Ri,j,k1v,f
R
i,j,k1
v,f · (−zˆ)Ei,j,k1v
]
h2 −
− 1
4π
i2∑
i=i1
j2∑
j=j1
(dz)ij
e−jkR
i,j,k2
v,f
Ri,j,k2v,f
[
Ei,j,k2+1v − Ei,j,k2−1v
2h
−
−
(
jk +
1
Ri,j,k2v,f
)
1
Ri,j,k2v,f
Ri,j,k2v,f · (+zˆ)Ei,j,k2v
]
h2 (Zþ.1)
ìpou
Ri,j,kx,f =[xf − (i+ 0.5)h] xˆ + [yf − jh] yˆ + [zf − kh] zˆ
Ri,j,ky,f =[xf − ih] xˆ+ [yf − (j + 0.5)h] yˆ + [zf − kh] zˆ
Ri,j,kz,f =[xf − ih] xˆ+ [yf − jh] yˆ + [zf − (k + 0.5)h] zˆ
Ri,j,kv,f =|Ri,j,kv,f |.
Oi pnake Dx, Dy, Dz perièqoun ta brh t  arijmhtik  olokl rwsh.
152
An orsoume
I = i2 − i1
J = j2 − j1
K = k2 − k1
tìte, sÔmfwna me th sqèsh (þ.5) (selda 150), èqoume:
Dx = sJ s
T
K
Dy = sI s
T
K
Dz = sI s
T
J
ìpou ta dianÔsmata s orzontai apì ti sqèsei (þ.2) (selda 149).
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Microwave imaging of buried objects: two-dimensional numerical
modeling and study of the three-dimensional extension
In the first part of this Ph.D. thesis, we study a method of quantitative
reconstruction of permittivity and conductivity profiles, based on a bigra-
dient conjugate method and an edge-preserving regularization technique.
The associated forward problem is solved by the Method of Moments, for
the case of a transverse-magnetic polarization of the incident field. This
method, previously developed for the case of plane-wave illumination, is en-
hanced in order to take into account the near-field of the emitting antennas
and the measurement noise. We examine the robustness of the algorithm by
simulating the errors in the measurement of the diffracted field. The choice
of various configuration parameters is studied, in order to obtain the neces-
sary information for optimal reconstructions. In a second part, we develop
a finite-difference frequency-domain method for the solution of Maxwell’s
equations in two and three dimensions. The grid is terminated by perfectly
matched layers and the Kirchhoff integral is applied to the near- to far-field
transformation. A matrix formulation for the direct scattering problem is
thus obtained, with an explicit dependence on the electromagnetic prop-
erties of the computational domain. This makes the method suitable for
integration in a microwave imaging algorithm. Numerical results validate
the finite-difference frequency-domain method.
Keywords: electromagnetics, inverse scattering, microwave tomography, numeri-
cal methods, finite difference, frequency domain.
Mikrokumatik  Apeikìnish Antikeimènwn sto Eswterikì Dom¸n:
Disdistath Arijmhtik  Montelopohsh kai
Melèth Epèktash sti Trei Diastsei
Sto pr¸to mèro t  diatrib , exetzetai mia mèjodo posotik  anaka-
taskeu  profl hlektrik  epidektikìthta kai agwgimìthta, basismènh se
mia mèjodo elaqistopohsh disuzug¸n klsewn kai se mia teqnik  kanoniko-
pohsh me diat rhsh asuneqei¸n. To eujÔ prìblhma epilÔetai me th Mèjodo
twn Rop¸n, jewr¸nta pìlwsh egkrsia magnhtik  gia to prosppton pedo.
Aut  h mèjodo, h opoa èqei anaptuqje palaiìtera gia thn perptwsh ep-
pedou prospptonto kÔmato, epektenetai ed¸ ¸ste na lambnei upìyh to
kontinì pedo twn kerai¸n ekpomp  kaj¸ epsh kai to jìrubo mètrhsh.
Meletme thn antoq  toÔ algorjmou prosomoi¸nonta ta sflmata mètrhsh
toÔ skedazìmenou pedou. H epilog  twn diafìrwn paramètrwn t  mejìdou
exetzetai ètsi ¸ste o algìrijmo anakataskeu  na lambnei thn aparathth
plhrofora gia bèltiste anakataskeuè. Sto deÔtero mèro, anaptÔssou-
me mia mèjodo peperasmènwn diafor¸n gia thn eplush twn exis¸sewn toÔ
Maxwell sto pedo twn suqnot twn, se dÔo kai trei diastsei. Gia ton
termatismì toÔ plègmato qrhsimopoioÔntai tèleia prosarmosmèna str¸mata,
en¸ anaptÔssetai èna metasqhmatismì kontinoÔ se makrinì pedo, basismè-
no sto olokl rwma Kirchhoff. To eujÔ prìblhma diatup¸netai me th bo jeia
mia exswsh pinkwn, me ekpefrasmènh exrthsh apì ti hlektromagnhtikè
paramètrou toÔ upologistikoÔ q¸rou. Autì knei th mèjodo peperasmènwn
diafor¸n sto pedo twn suqnot twn katllhlh gia enswmtwsh se ènan algì-
rijmo mikrokumatik  apeikìnish. H egkurìthta t  mejìdou epibebai¸netai
me arijmhtik apotelèsmata.
Λέξεις-κλειδιά: ηλεκτρομαγνητισμός, αντίστροφη σκέδαση, μικροκυματική τομο-
γραφία, αριθμητικές μέθοδοι, πεπερασμένες διαφορές, πεδίο συχνοτήτων.
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